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TOROIDAL B-DIVISORS AND MONGE-AMPÈRE MEASURES
ANA MARÍA BOTERO AND JOSÉ IGNACIO BURGOS GIL
Abstract. We generalize the intersection theory of nef toric b-divisors on smooth and com-
plete toric varieties developed in [Bot17] to the case of smooth and complete toroidal embed-
dings. As a key ingredient we show the existence of a limit measure, supported on theweakly
embedded rational conical complex attached to the toroidal embedding, which arises as a
limit of discrete measures defined via tropical intersection theory on the conical complex. We
prove that the intersection theory of nef toroidal Cartier b-divisors can be extended continu-
ously to nef toroidalWeil b-divisors and that their degree can be computed as an integral with
respect to this limit measure. As an application, we show that a Hilbert–Samuel type formula
holds for nef toroidal Weil b-divisors.
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Introduction
The theory of b-divisors (where b stands for “birational”) was introduced by Shokurov
[Sho03] in the context of Mori’s minimal program. Since then, b-divisors have appeared in
many contexts, for instance in the work by Fujino [Fuj12] on base point free theorems, in
the work of Küronya and Maclean [KM13] on the Zariski decomposition of divisors, and in
the proof of the differentiability of the volumes of divisors by Boucksom, Favre and Jonsson
[BFJ09]. Moreover, b-divisors have been associated to dynamical systems in [BFJ08a] and to
psh-functions in [BFJ08b]. In the last paper, b-divisors whose support is a single point are
studied. In particular, a top intersection product, that can be −∞, among (relatively) nef
b-divisors is defined and it is proved that such top intersection products can be computed
by means of a Monge–Ampère type measure in a valuation space. In the paper [BKK16], a
b-divisor is associated to the invariant metric on the line bundle of Jacobi forms, and it is
shown that such a b-divisor is integrable, in the sense that its top self intersection product is
well defined and finite. Moreover, it is proved that, considering this b-divisor, one recovers
a Chern–Weil formula, that says that the top self intersection product of the b-divisor is
computed as the integral on an open subset of a power of the first Chern formof themetrized
line bundle of Jacobi forms, and a Hilbert–Samuel formula that states that the asymptotic
growth of the dimension of the space of Jacobi forms is governed by the top self intersection
product of the associated b-divisor. In addition it is shown that in this case the associated
b-divisor is toroidal and that its top self intersection product can be computed using toric
methods.
It is expected that the results of [BKK16] can be extended to the invariant metrics on
automorphic line bundles on mixed Shimura varieties, i.e. that the associated b-divisors
are toroidal and their degrees computable using toric techniques. In this spirit, in [Bot17],
the first author studied the theory of toric b-divisors on toric varieties and showed that
much of the theory of ordinary divisors on toric varieties can be extended to the setting of
b-divisors.
The aim of the present paper is to study toroidal b-divisors. In particular, we generalize
two results of [BFJ08b] from the local case to the global toroidal case. Namely, that there is
a well defined top intersection product between (global i.e. not only supported on a single
point) nef b-divisors and that this top intersection product is given by a Monge–Ampère
type measure on a rational polyhedral complex. We moreover prove a Hilbert–Samuel for-
mula for nef and big toroidal b-divisors and a Brunn–Minkowski type inequality.
We have chosen to restrict ourselves to toroidal b-divisors because they appear naturally
in the applications to mixed Shimura varieties and they are technically simpler than arbi-
trary b-divisors. Nevertheless, some of the results of this paper might be extended to arbi-
trary b-divisors by replacing the rational polyhedral complex by a suitable Berkovich space.
Toroidal b-divisor come in two flavors: Cartier and Weil. We explain this briefly. Let
U →֒ X be a fixed smooth and complete toroidal embedding of dimension nwith associated
(weakly embedded smooth) conical rational polyhedral complex ΠX (Proposition 3.16 and
Definition 3.23). Let Rsm(ΠX) be the directed system of all smooth subdivisions of ΠX. This
is a directed set under the relation
Π ′′ > Π ′ iff Π ′′ is a smooth subdivision of Π ′.
An elementΠ ′ in Rsm(ΠX) corresponds to a smooth and complete toroidal embeddingU →֒
XΠ′ together with a toroidal, proper birational morphism πΠ′ : XΠ′ → X which is a proper
allowable modification of X (Theorem 3.31).
The toroidal Riemann–Zariski space of the toroidal embedding (U,X) is defined formally
as the inverse limit
XU := lim←−
Π′∈Rsm(ΠX)
XΠ′
with maps given by the proper toroidal birational morphisms πΠ′,Π′′ : XΠ′′ → XΠ′ induced
whenever Π ′′ > Π ′. Then, toroidal b-divisors can be viewed as toroidal divisors on XU. For
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Π ′ ∈ Rsm(ΠX), we denote by Div (XΠ′ ,U) the group of toroidal R-divisors on XΠ′ , i.e. the
group of divisors on XΠ′ supported on the boundary XΠ′ \ U with real coefficients. For
Π ′′ > Π ′ there are maps
Div (XΠ′ ,U)
(πΠ′,Π′′ )
∗
..
Div (XΠ′′ ,U) .
(πΠ′,Π′′ )∗
nn
Then the groups ofWeil toroidal b-divisor and Cartier toroidal b-divisors are defined as the
projective and injective limits
W-b-Div(XU) := lim←−
Π′∈Rsm(ΠX)
Div (XΠ′ ,U) ,
Ca-b-Div(XU) := lim−→
Π′∈Rsm(ΠX)
Div (XΠ′ ,U) ,
respectively, with maps given by proper push-forward of divisors in the first case and pull-
back in the second (Definition 4.14). In other words, a Weil toroidal b-divisor is given by a
tuple
D = (DΠ′)Π′∈Rsm(ΠX) ,
where for each Π ′ ∈ Rsm (ΠX), the element DΠ′ is a toroidal R-divisor on XΠ′ , and all
these elements are compatible under push-forward. For Π ′ ∈ R(ΠX), we say that DΠ′ is
the incarnation ofD on XΠ′ . On the other hand a Cartier toroidal b-divisor is determined
by a single Π ′ ∈ R(ΠX) and a divisor DΠ′ ∈ Div(XΠ′ ,U). There is a natural inclusion
Ca-b-Div(X) ⊆W-b-Div(X). Roughly speaking, Cartier b-divisors are b-divisors that stabi-
lize after a birational map, while Weil b-divisors may keep changing for all blow ups.
We will usually omit the coefficient ring R from the notation, real coefficients being al-
ways implicit.
As in toric geometry, for any Π ′ ∈ Rsm(ΠX), we may view toroidal divisors on XΠ′ as
conical, piecewise linear functions on the support |Π| of Π which are linear on each cone
of Π ′. Hence, it is easy to see that a Cartier toroidal b-divisor correspond to a real valued
piecewise linear function whose locus of linearity is rational, while aWeil toroidal b-divisor
D corresponds to a (not necessarily piecewise linear) conical function
φD : |ΠX|Q −→ R,
where |ΠX|Q denotes the set of rational points of the support |ΠX|. Note that the only con-
dition required to the function φD is being conical, which shows that the space of Weil
b-divisors is very wild. Nevertheless, it turns out that if we impose the nefness condition to
D (Definition 4.19), then the functionφD extends to a continuous (weakly concave) function
φD : |ΠX| −→ R,
whose restriction to each cone σ ∈ ΠX is concave (see Theorem 4.22).
Since Cartier toroidal b-divisors are determined at a concrete birational model, the in-
tersection theory of divisors gives immediately an intersection theory of Cartier toroidal
b-divisors. The main result of this paper is the following extension result (Theorem 2.20
and Corollary 2.24 for the combinatorial version and Theorem 4.25 for the geometric ver-
sion).
Theorem A. Let (U,X) be a complete toroidal embedding satisfying the conditions stated
at the beginning of Section 4. The top intersection product of nef Cartier toroidal b-divisors
can be extended continuously to a top intersection product of Weil toroidal b-divisors on X.
Moreover, to a familyD1, . . . ,Dn of nef Weil toroidal b-divisors on Xwe associate a Monge-
Ampère type measure µD2,...,Dn , supported on a compact subset S
ΠX ⊆ |ΠX|, in such a way
that
D1 · · ·Dn =
∫
SΠX
φD1(u)µD2,...,Dn .
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As an application, following [Bot17, Section 5], we define the space of global sections of
a toroidal b-divisor. The volume of a nef Weil b-divisor is defined in analogy to the volume
of nef divisors by the asymptotic growth of the space of global sections. Moreover, to a nef
Weil toroidal b-divisorD we can associate an Okounkov body ∆D (Definition 5.6). Then we
obtain the following extension of the Hilbert Samuel theorem (Theorem 5.15).
Theorem B. LetD be a big and nef Weil toroidal b-divisor on X. Then
vol(D) = n!vol(∆D) =D
n.
As a corollary, we obtain a Brunn–Minkowski type inequality (Corollary 5.17).
One of the key ingredients to prove the above theorems is the combinatorial machinery
developed in Sections 1 and 2. The existence of the limit measure µD associated to a nef
toroidal b-divisorD follows directly from Theorem 2.20 and the existence of the mixed limit
measure µD2,...,Dn is a direct consequence of Corollary 2.24. These results are based on the
convex analysis on polyhedral spaced developed by M. Sombra and the authors in [BBS].
Another key ingredient is a result in [Gro15] relating tropical and algebraic intersection
numbers on complete toroidal embeddings (Theorem 4.6).
It is important to note that for the applications to algebraic geometry it is convenient
to work with conical complexes provided with an integral structure. Nevertheless, when
studying convex analysis on polyhedral complexes, the integral structure plays no role,
only the affine structure does. Moreover, to write down explicit estimates it is handy to
choose a Euclidean structure. Therefore, to study Monge–Ampère measures associated to
nef toroidal b-divisors it is convenient to shift the focus from rational conical complexes to
Euclidean ones.
As has been noted in [BKK16] and [Bot17], a nef toroidal b-divisor encodes the singu-
larities of the invariant metric on an automorphic line bundle over a mixed Shimura vari-
ety of non-compact type along any toroidal compactification. This article together with the
abovementioned ones lays the ground of a geometric intersection theory with singular met-
rics, satisfying Chern–Weil theory and a Hilbert–Samuel formula, to be applied to mixed
Shimura varieties of non-compact type.
The article is organized as follows. In Section 1 we recall the tropical intersection theory
on Euclidean conical polyhedral complexes as in [BBS]. This is an Euclidean version of
the tropical intersection theory on weakly embedded rational conical polyhedral complexes
developed in [Gro15].
In Section 2 we show the combinatorial version of our main result stated in Theorem
A. For this, we define b-divisors on Euclidean conical complexes and introduce a positivity
notion for them. We show that the top intersection product of such positive b-divisors exists,
is finite and is given by the total mass of a week limit of discrete Monge–Ampère measures.
This is done by introducing the notion of the size of a tropical cycle. This allows us to prove a
Chern–Levine–Nirenberg type inequality (Lemma 2.14) from which we conclude the weak
convergence of the discrete measures (Theorem 2.20).
In Section 3 we give the definition of a quasi-embedded rational conical polyhedral com-
plex. In short a rational conical polyhedral complex is a conical polyhedral complex with a
lattice structure. We recall the definition of toroidal embeddings and describe the rational
conical polyhedral complex associated to a toroidal embedding (see [KKMS73] or [AMRT10]
for further details). Following [Gro15], we also give a natural weak embedding of this com-
plex. Moreover, we show that by adding boundary components one canmodify the toroidal
structure of a toroidal embedding in such away that the rational conical polyhedral complex
becomes quasi-embedded. Then we describe the proper toroidal birational modifications
of a toroidal embedding which, on the combinatorial side, correspond to subdivisions of
the corresponding rational conical polyhedral complex.
In Section 4 we state and prove our main results. We show that nef toroidal b-divisors
have well defined top intersection products (Definitions 4.14 and 4.19 and Theorem 4.25).
For this, we first relate the geometric intersection product of toroidal divisors with the ra-
tional tropical intersection product on quasi-embedded rational conical complexes (Theorem
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4.6) (see [Gro15]). Then we use the convergence results of Section 2 in order to extend the
top intersection product to nef toroidal b-divisors. However, note that the Monge–Ampére
measures of Section 2 are defined in an Euclidean setting (no integral structure). Therefore
we will use the comparison in section 3.2 to relate the rational tropical intersection product
with the Euclidean one.
Finally, in Section 5, as an application, we give a Hilbert–Samuel type formula for nef
and big toroidal b-divisors. This relates the degree of a nef toroidal b-divisor both with
the volume of the b-divisor and with the volume of the associated convex Okounkov body
(Definitions 5.3 and 5.6 and Theorem 5.15). As a corollary, we obtain a Brunn–Minkowski
type inequality (Corollary 5.17).
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1. Euclidean tropical intersection theory
In this section we recall the tropical intersection theory on Euclidean conical polyhedral
complexes as in [BBS]. This is an Euclidean version of the tropical intersection theory on
weakly embedded rational conical polyhedral complexes developed in [Gro15].
1.1. Euclideanconicalpolyhedral complexes. Westartwith the definition of a quasi-embedded
conical polyhedral complex endowed with a Euclidean structure. We also discuss mor-
phisms and subdivisions of such complexes.
Definition 1.1. A conical polyhedral complex is a triple
Π = (|Π|, {σα}α∈Λ, {Mα}α∈Λ)
consisting of a topological space |Π| togetherwith a finite covering by closed subsetsσα ⊆ |Π|
and for each σα, a finitely generated R-vector spaceMα of continuous, R-valued functions
on σα satisfying the following conditions. Let Nα := Hom(Mα,R) denote the dual vector
space.
(1) For each α ∈ Λ, the evaluation map φα : σα → Nα given by the assignment
v 7−→ (u 7→ u(v)) (u ∈Mα),
maps σα homeomorphically to a strictly convex, full-dimensional, polyhedral cone
in Nα.
(2) The preimage under φα of each face of φα (σα) is a cone σα
′
for some index α ′ ∈ Λ,
and we have thatMα
′
=
{
u|σα′
∣∣u ∈Mα}.
(3) The intersection of two cones is a union of common faces.
The R vector spacesMα give the complex a so called linear structure.
The following notations will be used.
(1) We will usually refer to a conical polyhedral complex just as a conical complex.
(2) By abuse of notationwewill think ofΠ as the set of cones {σα}α∈Λ. For every integer
k > 0 we write Π(k) for the set of cones of dimension k.
(3) The topological space |Π| =
⋃
α∈Λ σ
α is called the support of the conical polyhedral
complex Π.
(4) Given a cone σ ∈ Π, we will writeMσ, Nσ and φσ for the corresponding R-vector
space, dual vector space and evaluation map, respectively. We denote by 〈 , 〉σ the
pairing induced by the dual vector spaces Mσ and Nσ. We will usually omit the
index “σ” from the pairing.
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(5) We will identify a cone σwith its image inNσ. The linear structure ofNσ induces a
linear structure in σ. Therefore we can talk of linear maps between cones.
(6) If τ is a face of σwe will write τ ≺ σ or σ ≻ τ.
(7) Wewill denote by 0σ the zero for the linear structure ofNσ. Since σ is strictly convex,
the set {0σ} is a face of σ. By abuse of notation we will denote this face also as 0σ.
(8) The dimension of the polyhedral complex Π is supσ∈Π {dim (M
σ)}. We say thatΠ has
pure dimension n if all the maximal cones have dimension n.
(9) By the relative interior of a cone σ, denoted relint(σ) we mean the preimage under
φσ of the interior of the cone φσ (σ) ⊆ Nσ.
(10) A conical complex is called simplicial if every cone φσ(σ) is generated by an R-basis
of Nσ.
The following remark follows from [Pay09, Remark 2.6].
Remark 1.2. The connected components of |Π| are in one to one correspondence with the
zero dimensional cones of Π. The points belonging to the zero dimensional cones are called
vertices of Π. In particular, if |Π| is connected, then Π has a unique vertex.
Remark 1.3. Note that the topological space |Π| of a conical complex does not necessarily
come equipped with an embedding into a single vector space.
The following definition is the Euclidean version of [Gro15, Definition 2.1].
Definition 1.4. A weakly embedded conical complex is a conical complex Π, together with a
finite-dimensional R-vector space NΠ, and a continuous map ιΠ : |Π|→ NΠ which is linear
on every cone σ of Π. We will usually denote a weakly embedded conical complex by the
underlying conical complex Π.
Given a weakly embedded conical complex Πwe writeMΠ = Hom
(
NΠ,R
)
for the dual
vector space of NΠ. For every cone σ ∈ Π we write NΠσ for N
Π ∩ Span (ιΠ(σ)) and MΠσ =
Hom
(
NΠσ ,R
)
for its dual.
The following notion is stronger than that of a weakly embedded conical complex.
Definition 1.5. A weakly embedded conical complex is said to be quasi-embedded if the re-
striction of ιΠ is injective in each cone. If Π is a quasi-embedded conical complex we will
identify each vector spaceNσ with its image NΠσ in N
Π.
The following is a useful property of quasi-embedded conical complexes that is not true
in general for weakly embedded ones.
Lemma 1.6. Let Π be a quasi-embedded conical complex. Then the map ιΠ : |Π|→ NΠ is proper.
Proof. Since |Π| is a finite union of closed cones σ, it is enough to show that ιΠ|σ is proper.
SinceΠ is quasi-embedded the map ιΠ|σ ◦φσ−1 : Nσ → NΠ is an injective linear map, hence
proper. By definition, the map φσ : σ → Nσ is proper. Hence ιΠ|σ = ιΠ|σ ◦ φσ−1 ◦ φσ is
proper. 
Definition 1.7. A Euclidean conical complex is a quasi-embedded conical complex Π together
with a Euclidean product on the real vector space NΠ. This Euclidean structure induces
compatible Euclidean structures in each vector spaceNσ.
Definition 1.8. Amorphism f : Θ→ Π of conical complexes is a continuous map f : |Θ|→ |Π|
with the property that for every cone τ ∈ Θ there exists a cone σ ∈ Π such that f(τ) ⊆ σ,
and that the restriction f|τ : τ→ σ is linear.
A morphism of weakly embedded conical complexes consists of a morphism of conical com-
plexes f : Θ→ Π together with a morphism of finite-dimensional R-vector spaces f ′ : NΘ →
NΠ forming a commutative square with the weak embeddings.
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|Θ| |Π|
NΘ NΠ
f
ιΘ
f ′
ιΠ
A morphism of quasi-embedded or of Euclidean conical complexes is a morphism of weakly
embedded conical complexes.
Definition 1.9. Let Π = (|Π|, {σα}α∈Λ, {Mα}α∈Λ) be a conical complex. A subdivision is a
second conical complex Π ′ =
(
|Π ′|, {σα
′
}α′∈Λ′ , {Mα
′
}α′∈Λ′
)
such that the following is satis-
fied:
(1) |Π ′| = |Π|.
(2) The identity |Π ′|→ |Π| is a morphism of conical complexes.
A subdivision is called simplicial if the conical complex Π ′ is simplicial.
Remark 1.10. If Π is a weakly embedded conical complex and Π ′ is a subdivision, then Π ′
has an induced structure of weakly embedded conical complex. If Π is quasi-embedded or
Euclidean then Π ′ is also quasi-embedded or Euclidean, respectively.
Definition 1.11. LetΠ be a conical complex. We define the directed set R(Π) to be the set of
all subdivisions of Π with the partial order given by
Π ′′ > Π ′ in R(Π) iff Π ′′ is a subdivision of Π ′.
IfΠ ′′ > Π ′, we will denote by πΠ′,Π′′ : Π ′′ → Π ′ the morphism of Euclidean polyhedral com-
plexes that is the identity at the level of topological spaces. Since any two conical complexes
have a common refinement, this gives R(Π) the structure of a directed set. We denote by
Rsp(Π) ⊆ RΠ the subset of simplicial subdivisions with the induced partial order. This is a
cofinal subset and thus has an induced structure of directed set.
1.2. The Euclidean tropical intersection product. Throughout this section Πwill denote a
Euclidean conical complex of pure dimension n with quasi-embedding given by ιΠ : |Π|→
NΠ. The goal of this section is to define the Euclidean tropical intersection product between
Euclidean Minkowski weights (Definition 1.13) and tropical cycles (Definition 1.15) on one
side and R-Cartier divisors on Π (Definition 1.20) on the other. This is a Euclidean version
of the tropical intersection product given in [Gro15]. For the interested reader, the articles
[AR10], [FS97] and [Kat12] constitute a more thorough reference for tropical intersection
theory on globally embedded polyhedral complexes with an integral structure.
We start with some definitions. These are the Euclidean versions of [Gro15, Section 3.1].
Definition 1.12. Let k > 1 be an integer and let τ ∈ Π(k − 1) be a cone. For every cone
σ ∈ Π(k) with τ ≺ σ we define the Euclidean normal vector vˆσ/τ of σ relative to τ to be the
unique unitary vector of Nσ that is orthogonal to Nτ and points in the direction of σ. By
abuse of notation vˆσ/τ will also denote its image in NΠ. If k = 1, we write vˆσ := vˆσ/{0σ}.
Definition 1.13. A weight on Π is a map
c : Π −→ R.
It is called a k-dimensional weight if c(σ) = 0 for all σ 6∈ Π(k). A k-dimensional weight is
called a k-dimensional Euclidean Minkowski weight on Π if, for every cone τ ∈ Π(k − 1), the
relation
(1.1)
∑
σ∈Π(k)
τ≺σ
c (σ) vˆσ/τ = 0
holds true in NΠ.
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The set of weights is a real graded vector space denoted byW∗(Π). The k-dimensional
Euclidean Minkowski weights form an abelian group, which is denoted byMk(Π).
We can now define the pull-back of a Minkowski weight along a subdivision.
Definition 1.14. Let Π ′ be a subdivision of Π with its induced structure of Euclidean con-
ical complex and denote by f : Π ′ → Π the corresponding morphism of Euclidean conical
complexes. Let c ∈Mk(Π) be a Euclidean Minkowski weight. Then the pull-back of c by f
is the Euclidean Minkowski weight
f∗(c)(σ ′) =
{
c(σ) if dimσ = dimσ ′,
0 otherwise,
where σ ′ ∈ Π ′(k) and σ is the minimal cone of Π that contains σ ′. This construction defines
a group homomorphism
Mk(Π) −→Mk(Π
′).
More generally, Euclidean tropical cycles aredefinedas direct limits of EuclideanMinkowski
weights over all subdivisions.
Definition 1.15. The group of Euclidean tropical k-cycles on Π is defined as the direct limit
Zk(Π) := lim−→
Π′∈R(Π)
Mk (Π
′) ,
with maps given by the pull-back maps of Definition 1.14. If c is a k-dimensional Euclidean
Minkowski weight on a subdivision Π ′ of Π, we denote by [c] its image in Zk(Π).
Definition 1.16. The degree of a zero cycle [c] ∈ Z0(Π) or of a zero dimensional Minkowski
weight, is defined as
deg([c]) = deg(c) =
∑
v∈Π(0)
c(v).
Definition 1.17. A Euclidean Minkowski weight is called positive if it has non-negative val-
ues. A Euclidean tropical cycle is called positive if it is represented by a positive Euclidean
Minkowski weight. The sub-semigroups of positive Euclidean Minkowski weights and of
positive Euclidean tropical cycles of dimension k are denoted byM+k (Π) and by Z
+
k (Π), re-
spectively.
We now define the objects where we want to compute top intersection numbers, namely
balanced Euclidean conical complexes.
Definition 1.18. The Euclidean conical complex Π of pure dimension n is said to be bal-
anced if there exists an n-dimensional Euclidean tropical cycle [Π] ∈ Zn(Π) represented by
a Minkowski weight b ∈Mn(Π ′), for some subdivision Π ′ in R(Π), satisfying
b(σ) > 0, ∀σ ∈ Π ′(n).
A Euclidean conical complex is called balanceable if it admits a structure of a balanced
Euclidean conical complex.
Remark 1.19. IfΠ is a balanced Euclidean conical complex, then |Π| is a balanced polyhedral
space in the sense of [BBS, Definition 3.27]. Thus we have at our disposal the theory of
concave functions on polyhedral spaces developed in that paper.
We now define Cartier divisors on the Euclidean conical complex Π. The following defi-
nition is adapted from [Gro15, Definition 3.6].
Definition 1.20. An R-Cartier divisor on Π is a function φ : |Π| → R that is linear on each
cone σ ∈ Π. We denote the group of R-Cartier divisors on Π by Div(Π)R. This is a finite
dimensional real vector space. If φ is an R-Cartier divisor, then for every cone σ we may
choose a linear function φσ on NΠ such that φσ|σ = φ|σ. By abuse of notation φσ will also
denote the linear function restricted toNσ.
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An R-Cartier divisor is always continuous as a function because the restrictions to the
components of a finite closed covering are continuous. Moreover it is conical in the sense
that, for all λ > 0, φ(λx) = λφ(x).
Remark 1.21. To simplify notation, we will usually omit the coefficient ring R from the
notation, real coefficients being always implicit. Hence, when we say “a Cartier divisor on
Π” we actually mean “an R-Cartier divisor on Π”.
Definition 1.22. Two Cartier divisors on Π are called linearly equivalent if their difference is
induced by an element inMΠ. The group of Cartier divisors modulo linear equivalence is
denoted by Cl(Π)R. As in the case of divisors, we will usually omit the index R in Cl(Π)R.
Definition 1.23. Let f : Θ → Π be a morphism of Euclidean conical complexes. Let φ be a
Cartier divisor on Π. Then the function f∗φ on |Θ| defined by
f∗φ := φ ◦ f
is a Cartier divisor on Θ. It is called the pull-back of φ along f. The map
f∗ : Div(Π) −→ Div(Θ)
is a morphism of abelian groups which factors through linear equivalence. Hence we get a
morphism
f∗ : Cl(Π) −→ Cl(Θ).
For any k > 1 we now construct a Euclidean tropical intersection product
Div(Π)×Mk(Π) −→Mk−1(Π).
Definition 1.24. Let Π be a Euclidean conical complex, φ a Cartier divisor and c ∈Mk(Π)
a k-dimensional Euclidean Minkowski weight on Π. Then the Euclidean tropical intersection
product is the k − 1-dimensional Minkowski weight φ · c : Mk−1(Π)→ R given by
φ · c(τ) :=
∑
σ∈Π(k)
σ≻τ
−φσ
(
vˆσ/τ
)
c(σ).
The fact that φ · c is indeed a Euclidean Minkowski weight is proven in [BBS, Proposi-
tion 3.19].
The Euclidean tropical intersection product extends to a pairing between classes of Cartier
divisors and Euclidean tropical cycles. Indeed, on the one hand, the Euclidean tropical in-
tersection product is compatible with linear equivalence.
Lemma 1.25. Let φ and φ′ be linearly equivalent Cartier divisors and c a Euclidean Minkowski
weight. Then
φ · c = φ′ · c.
Proof. If ψ is a linear function in NΠ, then from the definition of the Euclidean tropical
intersection product, we see that ψ · c = 0 from which the lemma follows. 
On the other hand, the Euclidean tropical intersection product is compatible with the
restriction to subdivisions.
Lemma 1.26. LetΠ ′ be a subdivision ofΠ and f : Π ′ → Π the corresponding morphism of Euclidean
conical complexes. Let φ be a Cartier divisor on Π and c ∈Mk(Π) a Minkowski weight. Then
f∗(φ · c) = f∗φ · f∗c.
Proof. This is proved in [BBS, Proposition 3.12]. 
The Euclidean tropical intersection product satisfies the following symmetry property.
Proposition 1.27. Let φ1 and φ2 be two Cartier divisors and c a Euclidean Minkowski weight.
Then
φ1 · (φ2 · c) = φ2 · (φ1 · c).
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Proof. This is proved in [BBS, Proposition 3.15]. 
We can now define the intersection product between (classes of) Cartier divisors and
Euclidean tropical cycles.
Definition 1.28. Let φ be a Cartier divisor on Π and let [c] ∈ Zk(Π) be a Euclidean tropical
cycle represented by a EuclideanMinkowski weight c ∈Mk (Π ′). Then the bilinear pairing
Cl(Π)× Zk(Π) −→ Zk−1(Π).
given by
[φ] · [c] := [φ · c]
is well defined by Lemmas 1.26 and 1.25. We call this pairing the Euclidean tropical intersec-
tion product as well.
We define Euclidean tropical top intersection numbers of (classes of) Cartier divisors on
Π.
Definition 1.29. Assume that Π is balanced. Let φ1, . . . ,φn be Cartier divisors on Π. The
Euclidean tropical top intersection number 〈φ1 · · ·φn〉 is defined inductively by
〈φ1 · · ·φn〉 := deg (φ1 · · ·φn−1 · (φn · [Π])) .
This defined a multilinear map
Cl(Π) × · · · × Cl(Π)︸ ︷︷ ︸
n-times
−→ R.
It is symmetric by Proposition 1.27.
Remark 1.30. In [Gro15], the author works with weakly embedded conical complexes with
an integral structure. As a consequence of working with a weakly embedded conical com-
plex, only a tropical intersection product between tropical cycles and so called combinatori-
ally principal Cartier divisors can be defined. In our setting, we assume that the complex is
quasi-embedded. It follows that every Cartier divisor is combinatorially principal, hence ar-
bitrary products between Cartier divisors and tropical cycles can be defined. As we will see
later, the price to pay for this simplification in the algebro-geometric setting of Section 3.4 is
that we will have to add more components at the boundary to be sure that the conical com-
plex corresponding to a toroidal embedding is quasi-embedded. Moreover, in the study of
Monge–Ampèremeasures it ismore natural to replace the integral structure by anEuclidean
structure.
1.3. b-divisors on Euclidean conical complexes. In this section we define Cartier andWeil
b-divisors on a Euclidean conical complex Π. These are the main actors of his paper.
Definition 1.31. The group of R-Cartier b-divisors on Π is the direct limit
Ca-b-Div(Π)R := lim−→
Π′∈R(Π)
Div(Π ′)R,
where the connecting morphisms are the pull-backs defined in 1.23. In other words, an R-
Cartier b-divisor is the choice of a subdivision Π ′ and anR-Cartier divisor φ on Π ′ with the
equivalence relation generated by the relations
(Π ′,φ) ∼ (Π ′′, f∗φ)
whenever Π ′′ > Π ′ and f : Π ′′ → Π ′ is the corresponding morphism. If an R-Cartier b-
divisor is represented by (Π ′,φ), we will denote it by the function φ, which, as a function,
is independent of the choice of the subdivision, and call Π ′ a subdivision of definition of φ.
As before, we will usually omit the coefficient ringR from the notation and callR-Cartier
b-divisors simply Cartier b-divisors.
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Definition 1.32. An R-Weil divisor D on Π is a map
D : Π(1) −→ R.
The space of R-Weil divisors on Π is denoted by WDiv(Π)R. If Π ′ is a subdivision of Π,
f : Π ′ → Π the correspondingmorphism of rational conical complexes, andD ′ aWeil divisor
on Π ′, then the push-forward f∗D ′ of D ′ by f is the R-Weil divisor given by
f∗D
′(ρ) = D ′(ρ), ∀ρ ∈ Π(1).
In other words, if j : Π(1) →֒ Π ′(1) is the canonical inclusion of the sets of rays, then we have
that f∗D ′ = D ′ ◦ j, so f∗ is just “to forget” the rays of Π ′ that are not in Π.
Also here, wewill usually omit the coefficient ringR from the notation and refer toR-Weil
divisors just as Weil divisors.
Remark 1.33. One should not identify Weil Cartier divisors and one dimensional weights.
Both are maps from Π(1) to R but their role is very different.
Definition 1.34. If φ is a Cartier divisor, then the associated Weil divisor Dφ is defined as
Dφ(ρ) = −φ(vˆρ),
where vˆρ = vˆρ/{0} is the generator of ρ of norm 1.
The following result follows as in the classical case of fans.
Lemma 1.35. If Π is a simplicial Euclidean conical complex then the map
Div(Π) −→WDiv(Π)
is an isomorphism.
In view of Lemma 1.35 we can define the push-forward map of Cartier divisors on sim-
plicial subdivisions.
Definition 1.36. LetΠ ′′ > Π ′ > Π be subdivisions withΠ ′ simplicial. Let f : Π ′′ → Π ′ be the
corresponding morphism of conical complexes. Then the push-forward of Cartier divisors
Div(Π ′′) → Div(Π ′) is defined as the composition
Div(Π ′′) −→WDiv(Π ′′) f∗−→WDiv(Π ′)
∼=
−→ Div(Π ′).
We now define the space of Weil b-divisors as the inverse limit of Weil Divisors.
Definition 1.37. The group of R-Weil b-divisors on Π is the inverse limit
W-b-Div(Π)R = lim←−
Π′∈R(Π)
WDiv(Π ′)R,
where the connecting morphisms are the push-forwards defined in 1.32. In other words, an
R-Weil b-divisorD is a collection
D = (DΠ′)Π′∈R(Π)
such that, for Π ′′ > Π ′ ∈ R(Π) the condition (πΠ′,Π′′)∗DΠ′′ = DΠ′ is satisfied.
As is to be expected, we will usually omit the coefficient ring R from the notation and
refer to R-Weil b-divisors just as Weil b-divisors.
Thanks to Lemma 1.35 and the fact that simplicial subdivisions are cofinal, we can define
Weil b-divisors using Cartier divisors. In fact there is a canonical isomorphism
(1.2) W-b-Div(Π) ≃ lim
←−
Π′∈Rsp(Π)
Div(Π ′).
By abuse of notation, we will identify both limits.
Given a subdivision Π ′ of Π the spaces of Cartier and Weil divisors on Π ′ are finite-
dimensional real vector spaces, hence they have a canonical topology.
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Definition 1.38. We endow the space Ca-b-Div(Π)with the direct limit topology (called the
strong topology) and the space W-b-Div(Π)with the inverse limit topology (called the weak
topology).
We can give the following characterization of the topological space W-b-Div(Π)R.
Lemma 1.39. The topological spaceW-b-Div(Π) is homeomorphic to the space of conical functions
|Π|→ R with the topology of pointwise convergence.
Proof. We start by describing a mapD 7→ ΨD . LetD = (DΠ′) ∈ W-b-Div(Π) and x ∈ |Π| a
point that is not a vertex ofΠ. Letρx be the rayof |Π| containing x and choose any subdivision
Π ′ of Πwith ρx ∈ Π ′(1). Let vx be the unitary generator of ρx and write x = λxvx. Then we
define
ΨD(x) = −λxDΠ′(ρx).
By the compatibility with push forward condition of Weil b-divisors, this value is indepen-
dent of the choice of Π ′.
Conversely, if Ψ : |Π| → R is a conical function, the b-divisorDΨ = (DΠ′) is defined for
every subdivision Π ′ and ρ ∈ Π ′(1) by
DΠ′(ρ) = −Ψ(vρ).
It is easy to check that DΨ is a Weil b-divisor, that both constructions are inverses of each
other and that they are continuous. This concludes the proof. 
The Euclidean tropical intersection product between Cartier divisors and Euclidean trop-
ical cycles can easily be extended to Cartier b-divisors. If [c] is a Euclidean tropical cycle
represented by a Minkowski weight c on a subdivision Π ′, and φ is a Cartier b-divisor with
subdivision of definition Π ′′, then we can choose a common refinement Π ′′′ of Π ′ and Π ′′
and define φ · [c] = [φ · c] where the second product is computed in Π ′′′. This product is
independent from the choice of Π ′′′ by Lemma 1.26.
In fact we can extend the Euclidean tropical top intersection number of Definition 1.29 to
the case where there is at most one Weil b-divisor involved.
Lemma 1.40. Let z ∈ Zk(Π) be a Euclidean tropical cycle of dimension k, φ1, . . . ,φk−1 Cartier
b-divisors and D = (φΠ′)Π′∈Rsp(Π) a Weil b-divisor. Chose a simplicial subdivision Π
′ where z
can be represented by a Euclidean Minkowski weight c in Π ′ and such that Π ′ is a subdivision of
definition of all the Cartier b-divisors. Then the product
φΠ′ · φ1 · · ·φk−1 · c.
is independent of the choice of the subdivision Π ′.
Proof. In view of Lemma 1.26 we are reduced to prove the following projection formula.
Let Π ′′ > Π ′ be simplicial subdivisions of Π and f : Π ′′ → Π ′ the corresponding morphism.
Moreover, let c1 ∈ M1(Π ′) be a Euclidean Minkowski weight of dimension one on Π ′ and
φ an Cartier divisor on Π ′′. Then
(1.3) f∗(f∗φ · c1) = φ · f∗c1.
Again by Lemma 1.26, we have that
(1.4) f∗(f∗φ · c1) = f∗f∗φ · f∗c1.
The Cartier divisor φ− f∗f∗φ satisfies
(φ− f∗f∗φ)|ρ = 0, ∀ρ ∈ Π ′(1),
while the Euclidean Minkowski weight (πΠ′,Π′′)∗c1 satisfies
f∗c1(ρ) = 0, ∀ρ ∈ Π ′′(1) \ Π ′(1).
From the explicit description of the product in Definition 1.24 we deduce
(1.5) (φ− f∗f∗φ) · f∗c1 = 0.
Equations (1.5) and (1.4) imply (1.3), which proves the lemma. 
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Definition1.41. LetZ,φ1, . . . ,φk−1 andD = (φΠ′)Π′∈Rsp(Π),Π
′, c andφΠ′ be as in Lemma1.40.
Then the Euclidean top intersection number of Z, φ1, . . . ,φk−1 andD is defined by
〈D ·φ1 · · ·φk−1 · Z〉 := deg(φΠ′ ·φ1 · · ·φk−1 · c).
One of the main motivations of this article is to extend Definition 1.41 to certain cases
where all the divisors involved are Weil b-divisors and not just one.
2. Monge–Ampère measures
Throughout this sectionΠwill denote ann-dimensional balancedEuclidean conical com-
plex with quasi-embedding given by ιΠ : |Π|→ NΠ.
The goal of this section is to prove that given an admissible family C of nef Cartier b-
divisors on Π (Definition 2.3), for any C-nef b-divisor φ on Π (Definition 2.7), its top inter-
section number exists, is finite, and is given by the total mass of a weak limit of discrete
Monge–Ampère measures associated to the elements of the given admissible family (Corol-
lary 2.22). This is done by introducing the notion of the size of a tropical cycle. This allows us
to prove a Chern–Levine–Nirenberg type inequality (Lemma 2.14) fromwhich we conclude
the weak convergence of the discrete measures (Theorem 2.20).
2.1. C-nef b-divisors. Let | · | be the Euclidean norm on NΠ and let
SΠ :=
{
v ∈ |Π|
∣∣∣ |ιΠ(v)| = 1} .
The set SΠ is compact since it is the inverse image of a compact space under a propermap by
Lemma 1.6. Note that the Euclidean normal vectors vˆσ/τ from Definition 1.12 are elements
in SΠ.
Since b-divisors can be described as conical functions in |Π|, we can view the spaces of
b-divisors on Π as spaces of functions on SΠ.
Definition 2.1. Wedenote byC0(SΠ) the space of all real valued continuous functions on SΠ
with the topology of uniform convergence. We define the set Div
(
SΠ
)
of Cartier divisors
on SΠ to be the set of continuous functions on SΠ which are restrictions of Cartier b-divisors
on Π, i.e.
Div
(
SΠ
)
:=
{
ψ ∈ C0
(
SΠ
) ∣∣∃φ ∈ Ca-b-Div(Π) : (φ)|SΠ = ψ} .
Note that that the sets Div
(
SΠ
)
and Ca-b-Div(Π) are in bijection. Hence, the set Div
(
SΠ
)
gives just a different way of looking at the set Ca-b-Div(Π).
SimilarlywedefineWDiv(SΠ) as the set of real valued functions on SΠwith the pointwise
convergence topology. By Lemma 1.39, the space WDiv(SΠ) is canonically homeomorphic
to W-b-Div(Π).
We make the following remark.
Remark 2.2. By the Stone-Weierstrass Theorem, the subset Ca-b-Div
(
SΠ
)
⊆ C0
(
SΠ
)
is
dense.
Definition 2.3. Let C ⊂ Div (Π) be a collection of Cartier b-divisors on Π. We say that C is
an admissible family of nef Cartier b-divisors on Π if the following properties are satisfied:
(1) If φ1, . . . ,φr ∈ C, then the Euclidean tropical cycle φ1 · · ·φr · [Π] is positive, i.e. if it
belongs to Z+n−r(Π).
(2) If φ1 and φ2 are elements in C then for every choice of non-negative real numbers λ
and µ, the linear combination λφ1 + µφ2 belongs to C.
(3) The set
C − C =
{
(φ ◦ ιΠ) |SΠ − (φ
′ ◦ ιΠ) |SΠ
∣∣φ,φ′ ∈ C}
is dense in C0
(
SΠ
)
.
If C is an admissible family of nef Cartier b-divisors on Π, an element φ ∈ C will be called
C-nef.
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Example 2.4. The collection of piecewise linear concave functions on |Π| in the sense of [BBS,
Definition 4.6] is an example of an admissible family of nef Cartier b-divisors onΠ (see [BBS,
Remark 4.36]).
Remark 2.5. By the first condition, every element φ of C is weakly concave in the sense of
[BBS, Definition 4.6].
Example 2.6. We will see in the next section that if Π = ΠX comes from the geometry
of a smooth and complete toroidal embedding U →֒ X satisfying certain mild hypothesis,
then there is a canonical admissible family C of nef Cartier b-divisors on ΠX induced by the
collection of nef toroidal divisors on smooth toroidal modifications of X.
From now on we fix an admissible family C of nef Cartier b-divisors on Π.
Definition 2.7. We denote by
Div
(
SΠ
)
C
⊆ Div
(
SΠ
)
the set of functions in Div
(
SΠ
)
arising as restrictions of elements in C. Moreover, the space
of C-nef Weil b-divisorsWDiv
(
SΠ
)
C
is defined as the closure of Div
(
SΠ
)
C
inWDiv
(
SΠ
)
with
respect to pointwise convergence, i.e.
WDiv
(
SΠ
)
C
:= Div (SΠ)C ⊆WDiv
(
SΠ
)
.
Definition2.8. AWeil b-divisorD, is said to be continuous if the corresponding functionφD |SΠ ∈
WDiv(SΠ) is continuous.
The following is a key result. Before stating it, recall that, for a subset A of a topological
space T , the sequential closure |A|seq of A is the set of all points that are limits of sequences
in A. Then |A|seq ⊆ A. The space T is called a Fréchet-Urysohn space if, for all A ⊆ T , the
condition |A|seq = A holds. A Fréchet-Urysohn space is sequential, hence the topology of
such spaces is determined by the convergent sequences.
Theorem 2.9. The space of C-nef Weil-b-divisorsWDiv
(
SΠ
)
C
is contained in C0(SΠ). Moreover
the topologies induced in this space by the one of WDiv
(
SΠ
)
and the one of C0(SΠ) agree. That is,
inWDiv
(
SΠ
)
C
the topology of pointwise convergence and that of uniform convergence are the same.
In particularWDiv
(
SΠ
)
C
is metrizable.
Proof. Let (fα)α∈I be a net of C-nef Cartier b-divisors that converge to a Weil-b-divisor f.
Choose a countable dense collection of points x1, x2, . . . of |Π|. Since the topology of the
space of Weil-b-divisors is that of pointwise convergence, for any i > 0 there is an αi such
that, for all α > αi and all j 6 i, the condition
|fα(xj) − f(xj)| <
1
i
is satisfied. Hence the sequence (fαi)i>0 converges in a dense subset to f. By [BBS, Theo-
rem 6.23], the sequence (fαi)i>0 converges to a weakly concave (hence continuous) function
g, that agrees with f on the points xi, i > 0. Let now y be another point of |Π|. Repeating the
argument with the sequence of points y, x1, x2, . . . , we obtain a new continuous function g1,
that agrees with f in the point y and agrees with g in a dense subset. Hence g(y) = f(y).
Since y is arbitrary, we deduce that f = g. Therefore f is weakly concave and is a continuous
Weil-b-divisor..
Since all the functions fα are weakly concave, we can repeat again the previous argu-
ment to extract a sequence (fαi)i>0 that converges to f. We conclude that the space of C-nef
Weil-b-divisors is Fréchet-Urysohn. Hence the topology is determined by the convergent
sequences. Using again [BBS, Theorem 6.23] a sequence in WDiv
(
SΠ
)
C
converges if and
only if it converges uniformly in SΠ. This concludes the proof. 
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2.2. The size of a Minkowski cycle. We have the following lemma which we will use later
on.
Lemma 2.10. Let φ1,φ2 be Cartier divisors on Π such that φ1(x) > φ2(x) for all x ∈ |Π|. Then,
for all positive Euclidean Minkowski weights c ∈M+1 (Π) and every vertex ν of Π, the inequality
(φ1 · c) (ν) 6 (φ2 · c) (ν)
is satisfied.
Proof. We have
(φ1 · c) (ν) =
∑
σ∈Π(1)
ν≺σ
−φ1(vˆσ)c(σ) 6
∑
σ∈Π(1)
ν≺σ
−φ2(vˆσ)c(σ) = (φ2 · c) (ν),
as we wanted to show. 
To define the size of a positive EuclideanMinkowski cycle we need to choose an auxiliary
function.
Definition 2.11. Let ϕ0 : NΠ → R be a concave conic piecewise linear function satisfying
(2.1) ϕ0(v) 6 −‖v‖,
write ϕ = ϕ0 ◦ ιΠ and let z ∈ Z+k (Π) be a k-dimensional positive Euclidean tropical cycle.
Then the size of z (with respect to ϕ) is defined as
|z|ϕ := deg((ϕ ·)
k
z) ∈ R.
Remark 2.12.
(1) It is clear that such a functionϕ0 exists. For instance to construct one we can choose
an orthonormal basis of NΠ, denote u1, . . . ,ur the corresponding coordinates, and
write
ϕ0(u1, . . . ,ur) = 2rmin(0,u1, . . . ,ur) − (u1 + · · · + ur).
(2) Since ϕ0 is concave, the function ϕ is strongly concave in the terminology of [BBS,
Definition 4.2]. Therefore, by [BBS, Proposition 4.9], for everykdimensional positive
cycle z and j 6 k, the cycle (ϕ·)j · z is positive. In particular the size of z is positive.
Lemma 2.13. (1) If z ∈ Z+0 (Π) ≃ R>0 is 0-dimensional, then
(2.2) |z|ϕ =
∑
ν∈Π(0)
z(ν) ∈ R>0.
(2) Let z ∈ Z+1 (Π) be a positive 1-dimensional Euclidean tropical cycle. Let Π
′ be a subdivision
of Π such that z = [c] is determined on Π ′. Then
(2.3) |z|ϕ >
∑
τ∈Π′(1)
c(τ).
Proof. The first statement follows directly from the definition. Let Π˜ be a subdivision of Π ′
such thatϕ is piecewise linear on Π˜. By the definition ofϕ, for every τ ∈ Π˜(1), the inequality
ϕ(vˆτ) 6 −1 is satisfied. Therefore
|z|ϕ = deg(ϕ · z) =
∑
τ∈Π˜(1)
−ϕ(vˆτ)c(τ) >
∑
τ∈Π˜(1)
c(τ) =
∑
τ∈Π′(1)
c(τ).

The following is a Chern–Levine–Nirenberg type inequality for the Euclidean tropical
intersection product and is a key step to prove the main result of this section.
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Lemma 2.14. Let z ∈ Z+k (Π) andφ ∈ Ca-b-Div(Π) be a k-dimensional positive Euclidean tropical
cycle and a Cartier b-divisor, respectively. Assume that the Euclidean tropical intersection product
φ · z is a positive Euclidean tropical cycle. Then the inequality
|φ · z|ϕ 6
(
sup
vˆ∈SΠ
|φ(vˆ)|
)
· |z|ϕ
is satisfied.
Proof. Let Π˜ > Π be a subdivision of Π such that ϕ is piecewise linear on Π˜ and that the
cycle z and the function φ are defined in Π˜. We define the positive real constant B by
B := sup
τ∈Π˜(1)
|φ (vˆτ)| 6 sup
vˆ∈SΠ
|φ (vˆ)| .
Then, for every τ ∈ Π˜(1)we have that
φ(vˆτ) > −B > Bϕ(vˆτ).
Hence, since both φ and Bϕ are piecewise linear on Π˜, we conclude that
φ > Bϕ.
Therefore, using Lemma 2.10, the positivity of (ϕ ·)k−1 z (Remark 2.12 (2)), and the commu-
tativity of the Euclidean tropical intersection product, we get
|φ · z|ϕ = deg
(
(ϕ ·)k−1φ · z
)
= deg
(
φ · (ϕ ·)k−1 z
)
6 Bdeg
(
(ϕ ·)k z
)
= B|z|ϕ,
as we wanted to show.

2.3. Weak convergence of Monge–Ampère measures. We recall the definition of the total
variation norm (see e.g. [AL06, Definition 4.2.5 and Proposition 4.2.5]).
Definition 2.15. Let X be a locally compact topological space and letM(X) be the space of
finite Radon measures on X, i.e. the space of continuous linear forms on the space C0(X) of
continuous real-valued functions on Xwith respect to its weak topology. The total variation
norm ‖ · ‖ onM(X) is given by
‖µ‖ := sup


∞∑
i=1
|µ(Ai)|
∣∣ {Ai}i>1 ⊆ Xmeasurable, Ai ∩Aj = ∅, i 6= j, ⋃
i>1
Ai = X


for any µ ∈M(X).
In order to prove the main result of this section (Theorem 2.20), we use the following
version of Prokhorov’s theorem which follows from [Bog06, Proposition 8.6.2].
Theorem 2.16. Let X be a compact metrized space. Then the following is satisfied.
(1) M(X) is a metrizable space. In particular, if K ⊆ M(X) is compact, then K is sequentially
compact.
(2) If U ⊆M(X) has bounded total variation, then U is relatively compact.
Definition 2.17.
(1) Let z ∈ Z1(Π) be a 1-dimensional Minkowski cycle determined on Π ′ ∈ R(Π) by
c ∈M1(Π ′). We define the discrete measure µz on SΠ by
µz :=
∑
τ∈Π′(1)
c(τ) · δvˆτ ,
where δvˆτ denotes the Dirac delta measure supported on vˆτ ∈ S
Π. (Note that this
does not depend on the choice of Π ′.)
TOROIDAL B-DIVISORS AND MONGE-AMPÈRE MEASURES 17
(2) Let φ be a Cartier b-divisor on Π. The discrete Monge–Ampère measure µφ on SΠ
is defined by
µφ := µφn−1·[Π]
The total variation of a discrete measure with finite support is given by the sum of the
absolute value of the measures of the points in the support. Therefore, for z and Π ′ as in
Definition 2.17 we have
(2.4) ‖µz‖ =
∑
τ∈Π′(1)
|c(τ)|.
Remark 2.18. Although defined in a different setting, we note the similarity between the
discrete measure µφ and the Monge–Ampére measureM(g) given in [BFJ08b, Section 4.2],
definedwith respect to a piecewise-affine plurisubharmonic function g (see [BFJ08b, Propo-
sition 4.9]).
The following proposition is a consequence of Lemma 2.14.
Proposition 2.19. Let D be a C-nef Weil b-divisor on Π, and let (φj)j∈N be a sequence of C-nef
Cartier b-divisors converging to D. Moreover, fix a collection γ1, . . . ,γn−1−k ∈ C − C for k ∈
{0, . . . ,n− 1}. Then the set {
µγ1···γn−1−k·φkα·[Π]
}
of measures on SΠ has bounded total variation.
Proof. Since, by Theorem 2.9, the convergence
lim
j∈N
φj|SΠ = φD |SΠ
is uniform and φD |SΠ is a continuous function on a compact set, there exists a positive real
number B such that
sup
j∈N
sup
x∈SΠ
|φj(x)| 6 B.
By assumption, for each ℓ = 1, . . . ,n − 1, there exist elements β0ℓ and β
1
ℓ in C such that
γℓ = β
0
ℓ − β
1
ℓ.
Since there are finitely many, we may choose a positive real number C such that
sup
ℓ,i
sup
x∈SΠ
∣∣βiℓ(x)∣∣ 6 C.
Since the involved b-Cartier divisors are C-nef, we have that for every j ∈ N and for every
tuple (i1, . . . , in−1−k) ∈ {0, 1}n−1−k, the 1-dimensional Euclidean tropical cycle
βi11 · · ·β
in−1−k
n−1−k · (φj)
k · [Π]
is positive.
Fix j ∈ N and letΠ ′ be a subdivision ofΠwhere theφj and the functions γi, i = 1, . . . ,n−
1− k, are defined. Then, using equation (2.4), Lemma 2.14 and the estimate (2.3), we get
‖µγ1···γn−1−k·φkα·[Π]‖ =
∑
τ∈Π′(1)
∣∣γ1 · · ·γn−1−k ·φkα · [Π](τ)∣∣
=
∑
τ∈Π′(1)
∣∣(β01 − β11) · · · (β0n−1−k − β1n−1−k) ·φkα · [Π](τ)∣∣
6
∑
{0,1}n−1−k
∑
τ∈Π′(1)
βi11 · · ·β
in−1−k
n−1−k ·φ
k
α · [Π](τ)
6
∑
{0,1}n−1−k
∣∣∣βi11 · · ·βin−1−kn−1−k ·φkα · [Π]∣∣∣
ϕ
6 2n−1−k · Cn−1−k · Bk · |[Π]|ϕ,
proving the proposition. 
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The following is themain result of this section. The proof is inspired in the classical proof
of the existence of Monge-Ampère measures of [RT77, Proposition 3.1].
Theorem2.20. LetD be a C-nefWeil b-divisor onΠ, k ∈ {0, . . . ,n−1} and γ1, . . . ,γn−1−k ∈ C−C.
Moreover, let φD be the function in S
Π corresponding toD. Then the following holds true.
(1) Let (φi)i∈N and (ψj)j∈N be sequences of C-nef Cartier b-divisors both converging to φD .
Assume that
lim
i∈N
µγ1···γn−1−k·φki ·[Π] = µ, limj∈N
µγ1···γn−1−k·ψkj ·[Π] = ν,
for some Radon measures µ and ν (with respect to the weak-∗ topology). Then
µ = ν.
(2) The map from Div
(
SΠ
)
C
to Radon measures on SΠ given by
(2.5) φ 7−→ µγ1···γn−1−k·φk·[Π]
extends to a continuous operator fromWDiv
(
SΠ
)
C
to Radonmeasures on SΠ. This operator
is also denoted as in (2.5).
Proof. The fact that statement (1) implies statement (2) is a standard consequence of Theo-
rem 2.9, Proposition 2.19 and Theorem 2.16.
We prove the theorem by induction on k. If k = 0 there is nothing to prove. So we can
assume that both statements of the Theorem are true for k− 1. By part (3) of Definition 2.3,
in order to prove that µ = ν, it is enough to prove that µ(η) = ν(η) for η ∈ C− C.
By Proposition 1.27 we have that
µ(η) = lim
i∈N
deg(η · γ1 · · ·γn−1−k · φki · [Π])
= lim
i∈N
deg(φi · η · γ1 · · ·γn−1−k ·φk−1i · [Π])
= lim
i∈N
µη·γ1···γn−1−k·φk−1i ·[Π]
(φi).
By induction hypothesis, the sequence of measures µη·γ1···γn−1−k·φk−1i ·[Π], i ∈ N, converges
to the measure µη·γ1···γn−1−k·φk−1D ·[Π]. Moreover, by Theorem 2.9 the sequence of functions
φj, j ∈ N, converge uniformly to the continuous function φD . Therefore, the double limit
lim
(i,j)∈N×N
µη·γ1···γn−1−k·φk−1i ·[Π]
(φj)
exists and agrees with the diagonal limit i = j. Therefore
µ(η) = µη·γ1···γn−1−k·φk−1D ·[Π]
(φD).
Similarly,
ν(η) = µη·γ1···γn−1−k·φk−1D ·[Π]
(φD).
Hence, we get that µ(η) = ν(η). This concludes the proof of the theorem. 
Definition 2.21. LetD be a C-nef Weil b-divisor. The associated Monge-Ampére measure is
defined by
µD := µφn−1
D
·[Π].
We obtain the following corollary which is the main result of this section.
Corollary 2.22. LetD = (φΠ′)Π′∈Rsp(Π) be a C-nef Weil b-divisor on Π and (φi)i∈N a sequence
of C-nef Cartier divisors converging toD. Then the limit
〈Dn〉 := lim
i∈N
φni · [Π
′]
exists, is finite, and is given by
〈Dn〉 =
∫
SΠ
φD(u)dµD .
The quantity 〈Dn〉 is called the degree of the C-nef Weil b-divisorD on Π.
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Proposition/Definition 2.23. There is a symmetric map from the space of (n − 1)-tuples of C-
nef Weil b-divisors on Π to the space of finite measures on SΠ, called the mixed Monge-Ampère
measure, and denoted by
(Di1 , . . . ,Din−1) 7−→ µDi1 ,...,Din−1 ,
such that for every natural number ℓ and for every choice of non-negative real numbers λ1, . . . , λℓ,
the equality
µλ1D1+...+λℓDℓ =
ℓ∑
i1,...,in−1=1
λi1 . . .λiℓµDi1 ,...,Din−1
is satisfied for every collectionD1, . . . ,Dℓ of C-nef Weil b-divisors on Π.
Proof. The argument is the same as the one given in the proof of [Sch93, Theorem 5.17]. 
The following corollary follows from the definition of the mixed Monge–Ampère mea-
sure and Corollary 2.22.
Corollary 2.24. Let D1, . . . ,Dn be a collection of C-nef Weil b-divisors on Π, and let (φi,j)j∈N,
i = 1, . . . ,n be sequences of C-nef Cartier divisors converging to respectively toDi. Then the limit
〈D1 · · ·Dn〉 := lim
j
φ1,j · · ·φn,j · [Π
′]
exists, is finite and is given by
〈D1 · · ·Dn〉 =
∫
SΠ
φD1(u)dµD2,...,Dn .
Moreover, for any 1 6 i 6 n, we have integral formulae∫
SΠ
φD1(u)dµD2,...,Dn =
∫
SΠ
φDi(u)dµD1,...,D̂i,...,Dn .
The quantity 〈D1 · · ·Dn〉 is called themixed degree of the C-nef Weil b-divisorsD1, . . . ,Dn.
Remark 2.25. By multilinearity, we can extend the definition of Monge-Ampère measures
and degrees to Weil b-divisors of the formD =D1 −D2, whereD1 andD2 are C-nef. Then
the corollaries 2.22 and 2.24 extend to this setting.
3. Toroidal embeddings and rational conical polyhedral complexes
In this section, we give the definition of a quasi-embedded rational conical polyhedral
complex. In short, a rational conical polyhedral complex is a conical polyhedral complex en-
dowedwith a lattice structure. We recall the definition of toroidal embeddings and describe
the rational conical polyhedral complex associated to a toroidal embedding (see [KKMS73]
or [AMRT10] for further details). Following [Gro15], we also give a natural weak embed-
ding of this complex. Moreover, we show that by adding boundary components one can
modify the toroidal structure of a toroidal embedding in such a way that the rational con-
ical polyhedral complex becomes quasi-embedded. Then we describe the proper toroidal
birational modifications of a toroidal embedding which, on the combinatorial side, corre-
spond to subdivisions of the corresponding rational conical polyhedral complex.
3.1. Quasi-embedded rational conical polyhedral complexes.
Definition 3.1. A rational conical polyhedral complex is a triple
Π = (|Π|, {σα}α∈Λ, {Mα}α∈Λ)
consisting of a topological space |Π| togetherwith a finite covering by closed subsetsσα ⊆ |Π|
and for each σα, a finitely generated Z-module Mα of continuous, R-valued functions on
σα satisfying the following conditions. LetNα := Hom(Mα,Z) denote the dual lattice.
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(1) For each α ∈ Λ, the evaluation map φα : σα → NαR given by the assignment
v 7−→ (u 7→ u(v)) (u ∈Mα),
maps σα homeomorphically to a strictly convex, full-dimensional, rational polyhe-
dral cone in NαR . We will call the sets σ
α for α ∈ Λ cones.
(2) The preimage under φα of each face of φα (σα) is a cone σα
′
for some index α ′ ∈ Λ,
and we have thatMα
′
=
{
u|σα′
∣∣u ∈Mα}.
(3) The intersection of two cones is a union of common faces.
The Z-modulesMα give the complex a so called integral structure.
Most of the notations and terminology of Section 1 carry over to the case of rational con-
ical polyhedral complexes, by taking into account the integral structure.
(1) Rational conical polyhedral complexes will be referred as rational conical complexes.
(2) As in Remark 1.2, the set of cones of dimension zero is in bijection with the set of
connected components of |Π|.
(3) The terminology concerning cones, faces, interior, support and dimension is the
same as in the non-rational case keeping in mind the compatibility between the in-
tegral structures.
(4) The notion of a simplicial rational conical complex is the same. However, in the
rational case we also have a notion of smoothness. A rational conical complex is
called smooth if every cone σ ∈ Π is unimodular, i.e. if φσ(σ) is generated by a Z-
basis of Nσ. Clearly, a smooth rational conical complex is automatically simplicial.
(5) The notion of a morphism between rational conical complexes is the same except
that we require the restriction to each cone to be integral.
(6) The notion of subdivisions is the same except that we require them to be rational as
well. We denote the set of smooth subdivisions of Π by Rsm(Π). This has an induced
structure of directed set.
(7) The notions of weakly-embedded and quasi-embedded rational conical complexes
are the same except that the co-domain of theweak- (respectively quasi-) embedding
is anR-vector spaceNΠR with an integral structureN
Π and the restriction of theweak
(respectively quasi-) embedding to each cone is required to be integral.
3.2. A bridge between Euclidean and integral structures. Following [Gro15], there is a
rational tropical intersection product on quasi-embedded rational conical complexes. We com-
pare the rational tropical intersection with the Euclidean one from Section 1 by means of
the normalization of cycles.
We fix a rational conical complex Π and start with some definitions. These are adapted
from [Gro15, Section 3.1].
Definition 3.2. Let k > 0 be an integer and let τ ∈ Π(k − 1) be a cone. For every cone
σ ∈ Π(k)with τ ≺ σ. We define the lattice normal vector vσ/τ of σ relative to τ to be the image
in the quotient NΠR /N
τ
R of the unique generator of N
σ/Nτ that points in the direction of σ.
For every pair of cones σ and τ as before we will chose a lifting v˜σ/τ ∈ NσR of vσ/τ. If k = 1,
we write vσ := vσ/{0σ} = v˜σ/{0σ}.
Definition 3.3. A k-dimensional weight is called a k-dimensional (lattice) Minkowski weight
on Π if, for every cone τ ∈ Π(k − 1), the relation
(3.1)
∑
σ∈Π(k)
τ≺σ
c (σ) vσ/τ = 0
holds true in NΠR /N
τ
R. Equivalently, c satisfies the relation
(3.2)
∑
σ∈Π(k)
τ≺σ
c (σ) v˜σ/τ ∈ N
τ
R.
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Usually, lattice Minkowski weights will be called Minkowski weights. The k-dimensional
Minkowski weights form a real vector subspace, which is also denoted by Mk(Π). Note
the symbol Mk(Π) denotes lattice Minkowski weights when Π is rational and Euclidean
Minkowski weights when Π is Euclidean.
The condition (3.1) is called the (lattice) balancing condition around τ, while the condition
(1.1) is called the Euclidean balancing condition. The balancing conditions (1.1) and (3.1) de-
pend on the choice of the quasi-embedding.
The following notions carry over from the Euclidean to the lattice case directly.
• The definition of balanced rational conical complex is the same as in the Euclidean
case.
• The definition of the pull-back along a subdivision is the same.
• The definition of the group of (lattice) tropical cycles is analogous. This group is also
denoted by Zk(Π).
• The definition of a Cartier divisor and that of the pull-back of an Cartier divisor
along a morphism of rational conical complexes is the same. Also here, we must
have in mind that we are working with real coefficients.
• Given a Cartier divisor φ on Π, for every cone σ ∈ Π we choose a linear function
φσ onNΠR such that φσ|σ = φ|σ. By abuse of notation φσ will also denote the linear
function restricted to NσR.
• The definition of rational equivalence of Cartier divisors is also the same.
• The definition of Cartier and Weil b-divisors is the same except that now we only
consider rational subdivisions andwe can take the direct and inverse limit of Cartier
divisors only with respect to smooth subdivisions. Also here, wemust have inmind
that we are working with real coefficients.
Remark 3.4. LetΠ be a quasi-embedded rational conical complex and let Π̂ be the Euclidean
one obtained by choosing a metric on NΠR and forgetting the integral structure. Since the
allowed subdivisions of Π are much less that the ones of Π̂, the spaces of b-divisors are
different. In fact there is a commutative diagram
(3.3) Ca-b-Div(Π) //

W-b-Div(Π)
Ca-b-Div(Π̂) // W-b-Div(Π̂)
OO
The space Ca-b-Div(Π̂) can be identified with the space of all piecewise linear functions on
|Π|, while Ca-b-Div(Π) is the space of piecewise linear functions whose linearity locus is
defined overQ. The spaceW-b-Div(Π̂) can be identified with the space of conical functions
on |Π|, while the space W-b-Div(Π) can be identified as the space of real valued conical
functions on Π(Q) := |Π| ∩ ι−1π (N
Π
Q ). With these identifications the arrows in diagram (3.3)
are the obvious ones. In particular the upward arrow on the right of the diagram send a
conical function on |Π| to its restriction to Π(Q).
The definition of the intersection product in the lattice case is different from the Euclidean
case, because of the change in the definition of Minkowski weights and normal vectors. To
avoid confusion we will use a different symbol.
Definition 3.5. Let φ be a Cartier divisor and c ∈ Mk(Π) a Minkowski weight. Then the
(lattice) tropical intersection product φ ⊙ c ∈ Mk−1(Π) is the Minkowski weight given, for
τ ∈ Π(k − 1), by
(φ⊙ c) (τ) :=
∑
σ∈Π(k)
τ≺σ
−φσ
(
v˜σ/τ
)
c(σ) + φτ
 ∑
σ∈Π(k)
τ≺σ
c(σ)v˜σ/τ
 .
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Note that this is well defined since c ∈ Mk(Π) is a k-dimensional Minkowski weight and
hence ∑
σ∈Π(k)
τ≺σ
c(σ)v˜σ/τ ∈ N
τ
R.
Moreover, if v˜ ′σ/τ is another choice of liftings, thenwσ/τ := v˜σ/τ − v˜
′
σ/τ ∈ N
τ
R and therefore
∑
σ∈Π(k)
τ≺σ
−φσ
(
wσ/τ
)
c(σ) + φτ
 ∑
σ∈Π(k)
τ≺σ
c(σ)wσ/τ
 = 0,
so the intersection product is independent of the choice of liftings.
As with Minkowski weights, lattice tropical cycles will be called just tropical cycles and
lattice tropical intersection will be called tropical intersection.
The tropical intersection product extends to a bilinear pairing between classes of Cartier
divisors and tropical cycles.
Definition 3.6. Let φ be a Cartier divisor on Π and let [c] ∈ Zk(Π) be a tropical cycle repre-
sented by a k-dimensional Minkowski weight c ∈ Mk (Π ′). The tropical intersection prod-
uct φ⊙ [c] ∈ Zk−1(Π) given by
φ⊙ [c] := [φ⊙ c]
is well defined and induces a bilinear pairing
Cl(Π)× Zk(Π) −→ Zk−1(Π).
Remark 3.7. If Π is balanced, then the definition of the tropical top intersection numbers is the
same as in the Euclidean case (Definition 1.29).
We are now ready to relate Euclidean and lattice structures.
As before, we denote by Π̂ the Euclidean conical complex induced byΠ by forgetting the
rational structure and by choosing a Euclidean metric 〈 , 〉 on NΠR . Note that if Π is smooth,
then Π̂ is simplicial.
We introduce the following notation. For a cone σ ∈ Π we let
vol(σ) := vol〈 , 〉(N
σ
R/N
σ) =
√
det (〈vi, vj〉)i,j
where {v1, . . . , vk} is an integral basis of Nσ. Note that vol(σ) depends on both, the rational
structure and the Euclidean one.
Recall thatW∗(Π) denotes the space ofweights ofΠWedefine amap ̂ : W∗(Π) →W∗(Π)
given by
ĉ(σ) := vol(σ)c(σ),
Lemma 3.8. If c ∈Mk(Π) is a k-dimensionalMinkowski weight. Then ĉ is a EuclideanMinkowski
weight ĉ ∈Mk(Π̂).
Proof. Let τ ∈ Π(k − 1). We have to show that ĉ is a Euclidean Minkowski weight. For
any σ ∈ Π(k) containing τ let v˜σ/τ ∈ NσR be a lifting of the lattice normal vector as in
Definition 3.2 and let
v˜σ/τ = vσ,τ + vσ,τ⊥
be an orthogonal decomposition of v˜σ/τ with vσ,τ ∈ NτR and vσ,τ⊥ orthogonal to N
τ
R. The
Euclidean normal vector vˆσ/τ of Definition 1.12 is just the normalization of vσ,τ⊥ , i.e. we
have vˆσ/τ = vσ,τ⊥/‖vσ,τ⊥‖. If {v1, . . . , vk−1} is an integral basis ofNτ, then {v1, . . . , vk−1, v˜σ/τ}
is a basis on Nσ. Therefore,
(3.4) ‖vσ,τ⊥‖ =
vol(σ)
vol(τ)
.
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We compute
∑
σ∈Π(k)
τ≺σ
ĉ (σ) vˆσ/τ =
∑
σ∈Π(k)
τ≺σ
c (σ)vol(σ)vˆσ/τ
= vol(τ)
∑
σ∈Π(k)
τ≺σ
c (σ) v˜σ,τ⊥
= vol(τ)
∑
σ∈Π(k)
τ≺σ
c (σ)
(
v˜σ/τ − vσ,τ
)
= 0,
In the last equation we have used that, since c is a Minkowski weight then
∑
c(σ)v˜σ/τ be-
longs to Nτ, hence agrees with its orthogonal projection to NτR which is
∑
c(σ)vσ,τ. We
deduce that ĉ is a Euclidean Minkowski weight. 
Definition 3.9. Let c ∈Mk(Π)R be a k-dimensional Minkowski weight. Then the Euclidean
Minkowski weight ĉ ∈ Mk(Π̂) is called the normalization of c. The normalization ẑ of a
tropical cycle z ∈ Zk(Π) is defined to be the class [ĉ] ∈ Zk(Π̂) of the normalization of any
representative Minkowski weight c ∈Mk(Π ′) of z.
We make the following remark.
Remark 3.10. If c ∈M0(Π) is 0-dimensional, then ĉ = c.
The following proposition shows the compatibility between the tropical intersection prod-
uct and the Euclidean one, allowing us to replace the integral structure by the Euclidean one
in computations.
Proposition 3.11. Letφ ∈ Div(Π) be a Cartier divisor onΠ and let c ∈Mk(Π) be a k-dimensional
Minkowski weight. Then the following equality holds true.
φ̂⊙ c = φ · ĉ.
Hence, also for a k-dimensional rational Minkowski cycle z ∈ Zk(Π) we have
φ̂⊙ z = φ · ẑ.
Proof. Let τ ∈ Π(k − 1). We use the same notation as in the proof of Lemma 3.8. Since c is
a Minkowski weight, we have that
∑
σ∈Π(k)
τ≺σ
c(σ)v˜σ/τ =
∑
σ∈Π(k)
τ≺σ
c(σ)vσ,τ.(3.5)
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We compute, using equation (3.4),
φ̂⊙ c(τ) =
 ∑
σ∈Π(k)
τ≺σ
−φσ
(
v˜σ/τ
)
c(σ) + φτ
 ∑
σ∈Π(k)
τ≺σ
c(σ)v˜σ/τ

 · vol(τ)
=
 ∑
σ∈Π(k)
τ≺σ
−φσ
(
v˜σ/τ
)
c(σ) + φτ
 ∑
σ∈Π(k)
τ≺σ
c(σ)vσ,τ

 · vol(τ)
=
 ∑
σ∈Π(k)
τ≺σ
−c(σ)φσ
(
vσ,τ⊥
) · vol(τ)
=
∑
σ∈Π(k)
τ≺σ
−c(σ)vol(σ)φσ
(
vσ,τ⊥
)
· ‖vσ,τ⊥‖
−1
=
∑
σ∈Π(k)
τ≺σ
−ĉ(σ)φσ
(
vˆσ/τ
)
= φ · ĉ(τ),
hence the first statement of the proposition follows. The second statement clearly follows
from the first. 
3.3. The rational conical complex attached to a toroidal embedding. Throughout this sec-
tion, kwill denote an algebraically closed field of characteristic 0. All of the varieties appear-
ing in this section will be defined over k even if not stated explicitly. We recall the definition
of a toroidal embedding and describe its associated rational conical complex. The following
definition is taken from [KKMS73, Definition 1, pg. 54].
Definition 3.12. Let X be an n-dimensional normal, algebraic variety over k and let U be
a smooth Zariski open subset of X. An open immersion U →֒ X is a toroidal embedding if
for every closed point x ∈ X there exists an n-dimensional torus T, an affine toric variety
Xσ ⊇ T, a point x ′ ∈ Xσ and an isomorphism of k-local algebras
ÔX,x
≃
−→ ÔXσ,x′(3.6)
such that the ideal in ÔX,x generated by the ideal of X \ U corresponds under this isomor-
phism to the ideal in ÔXσ,x′ generated by the ideal of Xσ \ T. Here, the hat “̂” denotes the
completion of the local ring at a point. Such an isomorphism is called a chart at x and the
pair (Xσ, x ′) is called a local model at x.
If all the irreducible components of the boundary divisor X \U of a toroidal embedding
are normal, then it is called a toroidal embedding without self intersection.
Definition 3.13. LetU →֒ X be a toroidal embedding (defined over k) without self intersec-
tion and let {Bi | i ∈ I} be the irreducible components of the boundary divisor B = X\U. For
every subset J ⊆ I, write BJ :=
⋂
i∈J Bi 6= ∅. The strata of the toroidal embedding are the irre-
ducible components of the sets of the form BJ \
⋃
i/∈J Bi. The strata will be denoted {Sα}α∈Λ
where Λ is a finite set. The maximal strata correspond to the irreducible components of the
open set U.
The following lemma is [KKMS73, Proposition-Definition 2, pg. 57].
Lemma 3.14. Let notations be as above and consider a subset J ⊆ I such that BJ 6= ∅ and let Sα0 be
an irreducible component of BJ \
⋃
i/∈J Bi. Then the following holds true:
(1) BJ is normal.
(2) Sα0 is non-singular.
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Moreover, the sets Sα, α ∈ Λ define a stratification ofX, i.e. every point ofX is in exactly one stratum
and the closure of a stratum is a union of strata. Furthermore, if x ∈ X and (Xσ, x ′) is a local model
at x, then the closures Sα of the strata Sα such that x ∈ Sα correspond formally to the closure of the
torus orbits in Xσ containing x
′. In particular, if x ∈ Sα, then Sα corresponds formally to the torus
orbit O(x ′) itself.
The following Proposition/Definition is adapted from [KKMS73, Definition 3, pg. 59].
See also Corollary 1 in page 61 of [KKMS73].
Proposition/Definition 3.15. Let notations be as in Definition 3.13. For any non-empty stratum
Sα of the toroidal embedding U →֒ X, the combinatorial open set Star(Sα) ⊆ X is defined by
Star(Sα) :=
⋃
β : Sα⊆Sβ
Sβ = X \
⋃
γ : Sγ∩Sα=∅
Sγ.
Moreover, let
MSα :=
{
B ∈ Ca-Div (Star (Sα))
∣∣ supp(B) ⊆ Star (Sα) \U} ,
MSα+ :=
{
B ∈MSα
∣∣B effective} .
Then MSα is a free abelian group (a lattice) while MSα+ has the structure of a sub-semigroup. For
each stratum Sα we denote byN
Sα =
(
MSα
)∨
the dual lattice ofMSα and by 〈 , 〉Sα the induced
pairing. Finally, let
σSα :=
{
v ∈ NSαR
∣∣ 〈m, v〉Sα > 0, ∀m ∈MSα+ } ⊆ NSαR .
Then σSα ⊆ NSαR is a strongly convex rational polyhedral cone of maximal dimension.
The idea behind Proposition/Definition 3.15 is that given a stratum S, we have produced
amaximal dimensional cone σS in the finite-dimensional real vector spaceNSR which comes
equipped with a canonical latticeNS.
We now see that these cones can be glued together into a rational conical complex. For a
toroidal embeddingU →֒ Xwithout self intersection, let |Π(X,U)| be the quotient topological
space defined by ∣∣Π(X,U)∣∣ := ⊔
Sα stratum
σSα/ ∼
where ∼ is the equivalence relation generated by isomorphisms
βα,α
′
: σSα
≃
−→ face of σSα′
whenever Sα ⊆ Star (Sα′). Here, the map βα,α
′
is the restriction of the map NSαR → N
Sα′
R
defined as the dual of the mapMSα′R →M
Sα
R , which in turn is induced by the mapM
Sα′ →
MSα given by restricting divisors from Star (Sα′) to Star (Sα) (see [KKMS73, Chapter II,
Section 1]). We have the following proposition.
Proposition 3.16. If U →֒ X is a toroidal embedding without self intersection, then the triple
Π(X,U) =
(∣∣Π(X,U)∣∣ ,{σSα}Sα stratum ,{MSα}Sα stratum)
is a rational conical complex in the sense of Definition 3.1.
Proof. The proof can be found in [KKMS73, Chapter II, pg. 71]. 
The collection of lattices
{
MSα
}
in the above proposition gives the integral structure of
the toroidal embedding.
The following lemma follows from [KKMS73, Chapter II, Corollary 1].
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Lemma 3.17. LetU →֒ X be a toroidal embedding without self intersection and let x ∈ X belonging
to a stratum S. If (Xσ, x ′) is a local model at x then
MS ≃M(T)/
(
M(T) ∩ σ⊥
)
and σS ≃ σ ,
whereM(T) refers to the lattice of characters of the torus T ⊆ Xσ and σ⊥ is the set defined by
σ⊥ := {m ∈M(T) | 〈m, v〉 = 0, ∀v ∈ σ}.
In particular, the local model (Xσ, x ′) is determined up to isomorphism by the stratum S.
Given a cone σ in Π(X,U), we will denote by Sσ the stratum corresponding to σ and by Sσ
its closure in X.
Example 3.18. Let Σ be a fan in NR for some lattice N and let M := N∨ be its dual lat-
tice. Furthermore, let XΣ be its associated normal toric variety over k with dense torus
T = Spec(k[M]). Clearly, the inclusion T →֒ XΣ defines a toroidal embedding. The compo-
nents of the boundary divisor B = XΣ \T are the T-invariant prime divisors Bτ correspond-
ing to the rays τ ∈ Σ(1), and the strata of X are the T-orbitsO(σ) corresponding to the cones
σ ∈ Σ. The combinatorial open sets of XΣ are precisely its T-invariant affine open subsets.
The isomorphism
M/
(
M ∩ σ⊥
)
≃MO(σ)
given by the assignment
[m] 7−→ div (χm) ,
where χm denotes the character of the torus associated tom ∈M, induces an identification
of lattices
NO(σ) ≃ Nσ = N ∩ Span(σ)
and of cones
σO(σ) ≃ σ.
Remark 3.19. As in the toric case, the set of rays Π(X,U)(1) of the rational conical com-
plex associated to a toroidal embedding U →֒ X is in bijection with the set of irreducible
components of the boundary divisor B = X \ U. Indeed for every irreducible component
Bi, the corresponding ray in Π(X,U)(1), which we will denote by τBi is the linear function
τBi : M
S{i} → Z given by nBi 7→ n. Conversely, one can show that any ray τ ∈ Π(X,U)(1)
arises in this way (see [KKMS73, pg. 63]). For any such ray τ, we will denote by Bτ the
corresponding irreducible boundary component.
Before giving a more general class of examples of toroidal embeddings, we recall some
definitions.
Definition 3.20. Let B ⊆ X be a divisor on a smooth variety X. We say that B is a normal
crossing divisor (abbreviated nc) if the following condition hold:
(1) For all x ∈ Xwe can choose local coordinates x1, . . . , xn andnatural numbers ℓ1, . . . , ℓn
such that B =
{∏
i x
ℓi
i = 0
}
in a neighborhood of x.
We say that B is a simple normal crossing divisor (abbreviated snc) if furthermore
(2) Every irreducible component of B is smooth.
We can now give a large class of examples of toroidal varieties.
Example 3.21. Let (X,B) be a pair consisting of a smooth projective variety X of dimension
n together with a snc divisor B ⊆ X. We denote by {Bi}i∈I the irreducible components of
B. Set U := X \ B. Then U →֒ X is a toroidal embedding. The rational conical complex
associated to the toroidal embedding U →֒ X is smooth and is constructed by adding a
k-dimensional cone for each subset J ⊆ I with #J = k and each irreducible component of⋂
j∈J Bj. In particular, the zerodimensional cones correspond to the irreducible components
of X =
⋂
j∈∅ Bj.
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Remark 3.22. It follows from the definition of a toroidal embeddingU →֒ X that the bound-
ary X \ U is a divisor, however, it may not be snc. Nevertheless, by Hironaka’s resolution
of singularities [Hir64], we can always find an allowable modification of X′ → X (Defini-
tion 3.30) such that the boundary divisor X′ \U is snc.
3.4. From weak embeddings to quasi embeddings. Following [Gro15], when the ambient
variety is proper, there is a natural weak embedding of the rational conical complex asso-
ciated to a toroidal embedding without self intersection. We show in this section that, in
the projective case, by adding boundary components, one canmodify the toroidal structure
of a toroidal embedding in such a way that the rational conical complex becomes quasi-
embedded.
Definition 3.23. Let U →֒ X be a toroidal embedding with X proper and let Π = Π(X,U) the
corresponding rational conical complex. The groupMΠ is defined to be the set of classes of
invertible regular functions on the open set U, modulo locally constant functions, i.e.
MΠ := Γ
(
U,O×X
)
/Γ
(
U, k×
)
.
Since X is proper, this is a torsion free finitely generated abelian group. That is, it is a lattice.
LetNΠ :=
(
MΠ
)∨
be its dual lattice. For every stratum S ofXwe have amorphism of lattices
MΠ →MS given by
f 7−→ div(f)|Star(S).
Dualizing, we get a linear map σS → NΠR . These maps glue to give a continuous function
ιΠ : |Π| −→ N
Π
R ,
which is integral linear on the cones of Π, i.e. we obtain a weakly embedded rational conical
complex associated to U →֒ Xwhich we also denote by Π(X,U).
Two of the following examples are taken from [Gro15, Example 2.2].
Example 3.24.
(1) Consider the toric setting X = XΣ from Example 3.18, and write Π = Π(XΣ ,T). Here,
we have the lattice MΠ = Γ
(
T,O×XΣ
)
/k×, which we can identify with M via the
isomorphismM ≃MΠ given by the assignment
m 7−→ χm.
We see that the image of σO(σ) in NR under the weak embedding ιΠ is precisely σ.
Hence, Π is a weakly embedded rational conical complex, naturally isomorphic to
Σ. Note that in this case, the weak embedding is globally injective.
(2) For a non-toric example, consider X = P2 with homogeneous coordinates (x0 : x1 :
x2) but with open part U given by
U = X \ (H1 ∪H2) ,
where Hi is the hyperplane given by {xi = 0}. This is a toroidal embedding with
snc boundary divisor and we see that the rational conical complex Π = Π(X,U) is
naturally identified with the non-negative orthant R2>0, whose rays R>0(1, 0) and
R>0(0, 1) correspond to the divisors H1 and H2, respectively. The latticeMΠ is gen-
erated by x1/x2, and using that generator to identify MΠ with Z, we see that the
weak embedding ιΠ sends (1, 0) to 1 and (0, 1) to −1. Note that in this case ιΠ is not
a quasi-embedding since for example the cone R2>0 is two-dimensional while N
Π
R
has dimension one.
(3) Consider again P2 with the same homogeneous coordinates,D1 the line x0 = 0 and
D2 the conic x20 + x
2
1 + x
2
2 = 0. then D1 ∪D2 is a snc divisor and the corresponding
conical complex consist of two copies of the non-negative orthant glued together by
the axes. The description of the quasi-embedding is similar to the previous one.
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The following key proposition says that given a toroidal embeddingwith a snc boundary
divisor, we can alwaysmodify the toroidal structure in such away that the associatedweakly
embedded rational conical complex becomes quasi-embedded.
Proposition 3.25. Let U →֒ X be a toroidal embedding with X smooth and projective, such that the
boundary divisor B = X \ U is snc and let Π = Π(X,U) be its associated weakly embedded rational
conical complex. Then there exists a snc divisor B′ with |B| ⊆ |B′| such that, writing U ′ = X \ B′,
the weakly embedded rational conical complexΠ ′ = Π(X,U′) is quasi-embedded, i.e. the restriction of
the weak embedding
ιΠ′ |σ′ : |σ
′| −→ NΠ
′
R
to any cone σ ′ ∈ Π ′ is injective.
Proof. Recall that n denotes the dimension of X. If n = 1 then B = {p1, . . . ,pk} is a finite set
of points. Choose rational functions fi such that ordpi(fi) 6= 0 and write
B′ =
⋃
|div(fi)| = {q1, . . . ,qr}
The corresponding polyhedral complex is given by the finite set of rays {τqj}, such that τqj
is joined with τqj′ at zero if and only if qj and qj′ are in the same irreducible component.
Let vj denote the primitive vector of τqj and let xi denote the point ofM
Π′ corresponding
to fi. By construction, for each j there is an i such that 〈ι(vj), xi〉 = ordqj(fi) 6= 0. Therefore
ιΠ′(vj) 6= 0 and Π ′ is quasi-embedded.
Assume now thatn > 2. WriteB = B1∪· · ·∪Br for the decomposition ofB into irreducible
components. There is a hypersurface C such that Bi + C is very ample for i = 1, . . . , r.
Moreover we can find hypersurfaces Ai,j,
Bi ∼ Ai,j − C, i = 1, . . . r, j = 1, . . . ,n,
and a second hypersurface C1 6= C such that C1 ∼ C. Here the symbol ∼ means linear
equivalence. Finally by Bertini’s theorem we can assume that all the hypersurfaces C, C1
and Ai,j are different, smooth and irreducible and
B′ := B ∪C ∪ C1 ∪
⋃
i,j
Ai,j
is a snc. Then there are rational functions fi,j and g such that
div(fi,j) = Bi + C− Ai,j
div(g) = C− C1.
As in the statement of the theorem, write U ′ = X \ B′ and Π ′ = Π(X,U′). Let xi,j be the
point of MΠ
′
corresponding to fi,j and y the point corresponding to g. For an irreducible
component E of B′, write vE for the primitive generator of the ray corresponding to the the
divisor E. By construction we have
〈vBi , xk,j〉 = δi,k
〈vAi,j , xk,ℓ〉 = −δi,kδj,ℓ
〈vBi ,y〉 = 〈vAi,j ,y〉 = 0
〈vC, xk,j〉 = 1
〈vC1 , xk,j〉 = 0
〈vC,y〉 = 1
〈vC1 , xk,j〉 = −1
From the above identities, it follows that any subset ofnvectors contained in {vBi , vAk,j , vC, vC1 }
is linearly independent. This implies that the weak embedding ιΠ′ is a quasi-embedding.

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Remark 3.26. Let U →֒ X be a toroidal embedding with snc boundary divisor B = X \ U
andX projective. Then, bymodifying the toroidal structure in a similar way as we did in the
proof of Proposition 3.25, we may assume that there exists an ample and effective divisor
A with |A| ⊆ |B|. Moreover, by adding a small multiple of all components of B, we may
assume that A has positive multiplicity along all components of B. This will be useful for
the monotone approximation lemma in Section 5.2.
3.5. Toroidal modifications and subdivisions of rational conical complexes. Recall from
the classical theory of toric varieties that given a toric variety XΣ corresponding to a fan Σ,
there is a bijective correspondence between proper birational toric morphisms to XΣ and
subdivisions of the fan Σ. Following [KKMS73, Chapter 2, Section 2], a similar phenome-
non occurs in the toroidal case. In this section we describe the proper toroidal birational
modifications of a toroidal embeddingwhich, on the combinatorial side, correspond to sub-
divisions of the associated rational conical complex.
Definition 3.27. Let UX1 →֒ X1 and UX2 →֒ X2 be two toroidal embeddings and let f : X1 →
X2 be a birational morphismmappingUX1 toUX2 . Then f is called toroidal if for every closed
point x1 ∈ X1 there exist local models (Xσ1 , x
′
1) at x1 ∈ X1 and (Xσ2 , x
′
2) at f(x1) ∈ X2, and a
toric morphism g : Xσ1 → Xσ2 , with f(x
′
1) = x
′
2, such that the following diagram commutes.
ÔX1,x1 ÔXσ1 ,x
′
1
ÔX2,x2 ÔXσ2 ,x
′
2
≃
fˆ#
≃
gˆ#
Here, fˆ# and gˆ# are the ring homomorphisms induced by f and g, respectively.
Remark 3.28. The following two properties are satisfied.
(1) The composition of two birational toroidal morphisms is again a birational toroidal
morphism.
(2) A toroidalmorphism f : (U1 →֒ X1)→ (U2 →֒ X2) induces amorphism fΠ : Π(X1 ,U1) →
Π(X2,U2) of rational conical complexes. The restrictions of fΠ to the cones of Π(X1,U1)
are dual to pulling back Cartier divisors. From this, we see that fΠ can also be con-
sidered as a morphism between weakly embedded rational conical complexes by
adding to it the data of the linear map NΠ(X1 ,U1) → NΠ(X2 ,U2) dual to the pullback
Γ
(
U2,O×X2
)
→ Γ
(
U1,O×X1
)
.
The following definition is taken from [KKMS73, Definition 1, pg. 73].
Definition 3.29. A toroidal birational morphism f : (U →֒ Y) → (U →֒ X) between two
toroidal embeddings of the same open subset U is called canonical over X if the following
conditions hold true:
(1) The diagram
Y X
U
f
is commutative.
(2) For all x1, x2 ∈ X in the same stratum S and for all morphisms
ξ : OˆX,x1 −→ OˆX,x2(3.7)
which preserve the strata (i.e. if S ⊆ S ′ for some stratum S ′ then ξ takes the ideal
of S ′ at x1 to the ideal of S ′ at x2), we have that Spec(ξ) can be lifted to give an
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isomorphism Y ×X Spec(OˆX,x2) ≃ Y ×X Spec(OˆX,x1) preserving the strata, i.e. such
that the following diagram commutes.
Y ×X Spec(OˆX,x2) Y ×X Spec(OˆX,x1)
Spec(OˆX,x2) Spec(OˆX,x1)
≃
Spec(ξ)
We can now define the class of toroidal birational morphisms which correspond to sub-
divisions of rational conical complexes. The following is [KKMS73, Definition 3, pg. 87].
Definition 3.30. Consider a toroidal birational morphism f : (U →֒ Y)→ (U →֒ X) forming
a commutative diagram
Y X
U
f
and satisfying the following two conditions:
(1) Y has an open covering {Vi} such that U ⊆ Vi, f(Vi) ⊆ Star(Si) for some stratum Si
of X and Vi is affine and canonical over Star(Si).
(2) Y is normal.
Toroidal embeddings U →֒ Y as above are called allowable modifications of the toroidal em-
bedding U →֒ X.
The following important theorem follows from [KKMS73, Theorem 6*, 8*].
Theorem 3.31. Given a toroidal embedding without self intersection U →֒ X, there is a bijective
correspondence between subdivisions of the rational conical complex ΠX and isomorphism classes of
proper allowable modifications of X.
4. Intersection theory of toroidal b-divisors on smooth and complete toroidal
embeddings
In this section k still denotes an algebraically closed field of characteristic zero andU →֒ X
will denote a toroidal embedding with X a smooth and projective n-dimensional k-variety
with snc boundary divisor B = X \ U. We further assume that the corresponding smooth,
weakly embedded rational conical complex Π := Π(X,U) is quasi-embedded and that there
is an effective ample divisor with support B. By Chow’s lemma, resolution of singularities,
Proposition 3.25 and Remark 3.26, if we start with a proper varietyX′, an open dense subset
U ′ ⊆ X′ and B′ = X′ \ U ′, we can always find X, U and B as above with a birational map
π : X→ X′ such that π−1(B′) ⊆ B. Therefore for many questions, the above assumptions are
harmless.
The goal of this section is to show that nef toroidal b-divisors have well defined top inter-
section products (Definitions 4.14 and 4.19 and Theorem 4.25). The idea of the construction
is, first, following [Gro15], to relate the geometric intersection product of toroidal divisors
with the rational tropical intersection product on quasi-embedded rational conical complexes
(Theorem 4.6). Second to use the convergence results of Section 2 in order to extend the top
intersection product to nef b-divisors. However, note that the Monge–Ampére measures of
Section 2 are defined in an Euclidean setting (no integral structure). Therefore we will use
the comparison in section 3.2 to relate the rational tropical intersection product with the
Euclidean one.
TOROIDAL B-DIVISORS AND MONGE-AMPÈRE MEASURES 31
4.1. Intersection products of toroidal divisors. We will give the definition of R-toroidal
divisors and give a bijection between the set of R-toroidal divisors on (X,U) and the set of
R-Cartier divisors on Π. Moreover, following [Gro15], we recall the tropicalization of an
algebraic cycle and relate algebraic and tropical intersection numbers. We end this section
by showing that one can compute tropically the top intersection numbers of divisors.
Definition 4.1. Let Div(X)R be the vector space of R-Cartier divisors on X. We define the
subspace Div(X,U)R ⊆ Div(X)R consisting of R-Cartier divisors which are supported on
the boundary B = X \ U. It is a finite dimensional R-vector space and it is endowed with
a canonical topology. Elements in Div(X,U)R are called R-toroidal Cartier divisors (of (X,U)).
To simplify notation, we will usually omit the coefficient ring R from the notation and call
R-toroidal Cartier divisors simply toroidal Cartier divisors.
Recall from Remark 3.19, that we have a bijective correspondence between the set of rays
of Π and the set of irreducible components of the boundary divisor B = X \ U. For a ray
τ ∈ Π(1) we denote by Bτ the corresponding component and by vτ = vτ/0τ the primitive
lattice normal vector spanning the ray τ.
Definition 4.2. Let D ∈ Div(X,U) be a toroidal Cartier divisor on X. The corresponding
tropical Cartier divisor
φD : |Π| −→ R
on Π is defined by
φD|σ = −D|Star(Sσ) ∈M
σ = (Nσ)∨,
where, for a cone σ ∈ Π, we denote by Sσ the corresponding stratum of X. Since we are
assuming that the toroidal embedding is smooth, we can give an alternative description
going through Weil divisors. The function φD is linear on each cone and, for τ ∈ Π(1),
φD(vτ) = −ordBτ(D),
where ordBτ(D) denotes the coefficient of Bτ in D.
By Remark 3.19, anyCartier divisorφ inΠdefines a toroidal Cartier divisorDφ by setting
D|Bτ = −φ(vτ) for any τ ∈ Π(1). These constructions are clearly inverses of each other. We
summarize the above in the following proposition, which can be seen as a special case of
[KKMS73, Theorem 9*].
Proposition 4.3. The map
Div(X,U) −→ Div(Π)(4.1)
given by the assignment
D 7−→ φD
is an isomorphism of finite dimensional real vector spaces.
We recall the definition of the tropicalization of an algebraic cycle class on X as is ex-
plained in [Gro15, Section 4.2].
For 0 6 k 6 n we denote by Zk(X) = Zk(X)R the group of algebraic k-cycles on X with
real coefficients. For any C ∈ Zk(X), the assignment
trop(C) : Π(k) −→ R,
given by
σ 7−→ deg
(
C ·
[
Sσ
])
,
is a k-dimensionalMinkowski weight. Moreover, this Minkowski weight is compatible with
taking refinements and thus the following definition makes sense.
Definition 4.4. Let notations be as above. The map
trop : Zk(X) −→ Zk(Π)
given by
C 7−→ [trop(C)]
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is called the tropicalization map. In particular, if [X] is the fundamental cycle of X, then
trop([X]) is the tropical cycle that is represented by the Minkowski weight inMn(Π) given
by assigning weight one to all n-dimensional cones of Π. We set
[Π] := trop([X]).
We make the following remarks.
Remark 4.5.
(1) The cycle [Π]makes the quasi-embedded rational conical complex Π balanced.
(2) The tropicalization map factors through the group of numerical classes of k-cycles
on X (with real coefficients), which is denoted by Nk(X)R = Nk(X), and hence we
get a well defined tropicalization map
Nk(X) −→ Zk(Π)
which we also denote by trop.
The following theorem relates algebraic intersection numbers and tropical intersection
numbers in the quasi embedded case.
Theorem 4.6. Let D ∈ Div(X,U) be a toroidal divisor. Then for every k-dimensional cycle class
[C] in Nk(X) the following tropical cycle classes agree
trop (D · [C]) = [φD]⊙ trop([C]) ∈ Zk−1(Π),
where on the right hand side, the class [φD] is seen as an element in Cl(Π).
Proof. Recall that we are assuming that the rational conical complex Π is quasi-embedded.
Hence, using Remark 1.30, this follows from [Gro15, Proposition 4.17]. 
As a consequence, we can compute top intersection numbers of arbitrary divisors using
the tropical intersection product.
Corollary 4.7. Let X0 be a proper variety over k andD1, . . . ,Dn ∈ Div(X0) a collection of divisors
on X0. Write B0 = |D1|∪ · · · ∪ |Dn|. Let π : X1 → X0 be a proper birational morphism and B1 a snc
divisor of X1 satisfying the following two properties:
(1) π−1(B0) ⊆ B1.
(2) X1 \B1 →֒ X1 is a toroidal embedding such thatΠ1 := Π(X1,U1) is a quasi-embedded rational
conical complex.
Then, the algebraic top intersection number deg(D1 · · ·Dn) can be computed tropically on the quasi-
embedded, balanced rational conical complex Π1 as
deg (D1 · · ·Dn) = deg (φπ∗D1 ⊙ · · · ⊙ φπ∗Dn ⊙ [Π1]) .
If we choose an Euclidean norm inNΠ1R and denote by “ ̂ ”the map between lattice Minkowski cycles
and EuclideanMinkowski cycles, then the algebraic top intersection number can also be computed as
deg (D1 · · ·Dn) = deg
(
φπ∗D1 · · · · ·φπ∗Dn · [̂Π1]
)
.
Proof. The pair (X′,B′) exists thanks to resolution of singularities [Hir64], Proposition 3.25
and Theorem 3.31. By Theorem 4.6 and the functoriality of the intersection product, we get
deg (D1 · · ·Dn) = deg (π∗D1 · · ·π∗Dn) = deg (φπ∗D1 ⊙ · · · ⊙ φπ∗Dn ⊙ [Π1]) ,
proving the first statement. Moreover, by Proposition 3.11 and Remark 3.10, we get
φπ∗D1 ⊙ · · · ⊙ φπ∗Dn ⊙ [Π1] = φπ∗D1 · · · · ·φπ∗Dn · [̂Π1],
which proves the second one. 
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4.2. Positivity properties of cycles. From now on we assume we have chosen a Euclidean
norm in NΠR and denote by Π̂ the induced Euclidean conical complex. We also denote by
[̂Π] the balancing condition obtained by normalization form [Π] = trop([X]).
Since the map “ trop ” between algebraic cycles on X and Minkowski weights on Π is
neither surjective nor injective, the positivity notions in the algebraic and tropical worlds
do not correspond exactly. Recall thatNk(X) denotes the space ofR-cycles of codimension k
up to numerical equivalence. The cone Peffn−k(X) = Peff
k(X) of pseudo-effective cycles is
the closure of the cone generated by classes of effective cycles. The dual cone is the cone of
numerically effective cycles
Nefk(X) = {β ∈ Nk(X) | β · α > 0, ∀α ∈ Peffk(X)}
The space of nef toroidal Cartier divisors is denoted by Div+(X,U).
The first relation between positivity in the algebraic and the tropical worlds is the follow-
ing.
Lemma 4.8.
(1) Let α ∈ Nefn−k(X), then trop(α) ∈ Zk(Π) is a positive cycle. Therefore ̂trop(α) ∈ Zk(Π̂)
is also positive.
(2) If D ∈ Div+(X,U) is a nef toroidal Cartier divisor then φD is weakly concave in the sense
of [BBS, Definition 4.6].
Proof. For any cone σ ∈ Π(k),
trop(α)(σ) = α · Sσ > 0,
becauseα is nef and Sσ is an effective cycle. The second statement follows from the first and
the equality
φD ⊙ [Π] = trop(D).

We next see several examples that show that the above lemma is almost all we can expect.
Example 4.9. Let X be the blow up of P2 at a point. Let B be a snc divisor such that the
exceptional divisor E is contained in the support ofB and such that the associated complex is
quasi-embedded. Then [E] is an effective cycle but trop([E]) is not positive. So the statement
(1) of the above lemma can not be extended to pseudo-effective cycles.
Example 4.10. Let againX be the blow up of P2 at a point p. Let r1, r2 be the strict transforms
of two different lines passing through p and ℓi, i = 1, 2, 3 be the strict transforms of three
general lines on P2. Put B = ℓ1 ∪ ℓ2 ∪ ℓ3 ∪ r1 ∪ r2. There are rational functions f1, f2 and g
with
div(f1) = ℓ1 − ℓ2, div(f2) = ℓ2 − ℓ3, div(g) = r1 − r2.
This easily implies that the complex associated to the toroidal embedding X \ B →֒ X is
quasi-embedded. Let E denote again the exceptional divisor. Then trop([E]) > 0 because E
is not contained in B. Nevertheless E is not nef. Therefore the converse of statement (1) is
not true. Put D = ℓ1 − r1. Since D ∼ E, we see that φD is weakly concave but D is not nef.
Therefore the converse of statement (2) does not hold.
Example 4.11. We put ourselves in the situation of Example 4.10 and let B′ = ℓ1 ∪ ℓ2 ∪
ℓ3. Then the obtained conical complex is still quasi-embedded, but the map trop satisfies
trop(±[E]) = 0. Therefore trop(α) > 0 does not even imply that α is effective.
Example 4.12. Let X be an elliptic curve,O the marked point i.e. the neutral element for the
group law, P a non torsion point andQ = −P. Put B = {O,P,Q}. There is a rational function
f on X such that
div(g) = 2O− P −Q.
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Therefore the conical complex associated to X \ B →֒ X consists of three rays τO, τP and
τQ with lattice generators vO, vP and vQ. The lattice NΠX is one dimensional and can be
identified with Z. Then the quasi-embedding is given by
ι(vO) = 2, ι(vP) = ι(vQ) = −1.
For simplicity a Minkowski weight c ∈M1(ΠX)will be denoted as a triple of real numbers
(cO, cP, cQ). The balancing condition [X] is the Minkowski weight (1, 1, 1). The Minkowski
weight (1, 2, 0) is also positive but it does not come from the geometry of X. Consider the
divisor D = −P + 2Q. This is a nef divisor because it has positive degree. Nevertheless
φD ⊙ (1, 2, 0) = −2 < 0.
Hence it is not true that nef divisors give rise to concave functions in the sense of [BBS,
Definition 4.6].
We end this section showing that algebraic nef Cartier divisors in allowablemodifications
of X provide an admissible family of nef Cartier b-divisors on Π̂.
Lemma 4.13. Let U →֒ X be as at the beginning of Section 4. Then the set C of Cartier b-divisors
on Π given by
C =
{
φD
∣∣D ∈ Div+(X′,U), π : X′ → X allowable modification}
forms an admissible family of nef Cartier b-divisors on Π̂ in the sense of Definition 2.3.
Proof. We have to show that C satisfies the three properties given in Definition 2.3. To show
property (1), letD1, . . . ,Dr be nef Cartier toroidal b-divisors on the allowable modifications
XΠ1 , . . . ,XΠr , respectively. LetΠ
′ be a smooth common refinement of Π1, . . . ,Πr and denote
by πi : XΠ′ → XΠi the corresponding toroidal modifications. Then, by Theorem 4.6 and
Proposition 3.11, we get
deg(φD1 · · ·φDr · [̂Π]) = deg (π
∗
1 [D1] · · ·π
∗
r[Dr] · [XΠ′ ]) > 0,
where the last inequality uses the fact that the pullback of a nef divisor under a proper map
is nef and Kleiman’s criterion for nefness.
Property (2) is clear.
To prove (3) we first recall that the set of piecewise linear functions on |Π| with rational
slopes is dense in the set of continuous conical functions on |Π|with the topology of uniform
convergence on compacts. Thus it is enough to show that any piecewise linear function on
|Π|with rational slopes belongs to C − C.
A piecewise linear function φwith rational slopes on |Π| defines a Cartier Q-divisor Dφ
on an allowable modification X′ of X. Since we are assuming that there is an ample divisor
on Xwhose support is contained in B there is an allowable modification π : X′′ → X′ and an
ample toroidal divisor A on X′′. We can choose an integer r > 0 such that C = π∗Dφ + rA
is also ample. Therefore
φ = φC − φrA, φC,φrA ∈ C,
completing the proof. 
4.3. Toroidal b-divisors. We give the definition of the toroidal Riemann–Zariski space XU
of (X,U) and define Cartier and Weil toroidal b-divisors on XU. Extending the bijection
between toroidal divisors on X and Cartier divisors on Π (Proposition 4.3), we give a bijec-
tion between Cartier (respectively Weil) toroidal b-divisors and Cartier (respectively Weil)
b-divisors on Π. Moreover, extending the results in Section 4.1 we show that the top inter-
section product of Cartier toroidal b-divisors can be computed tropically on the rational
conical complex.
Consider the directed set Rsm(Π) of smooth subdivisions of Π. For every smooth subdi-
vision Π ′ ∈ Rsm(Π), we denote by XΠ′ the corresponding smooth proper allowable modifi-
cation from Theorem 3.31. The toroidal Riemann–Zariski space of (X,U) is defined formally
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as the inverse limit
XU := lim←−
Π′∈Rsm(Π)
XΠ′
withmaps given by the proper toroidal birationalmorphismsXΠ′′ → XΠ′ definedwhenever
Π ′′ > Π ′.
Toroidal b-divisors can be viewed as divisors on XU:
Definition 4.14. The group of R-Cartier toroidal b-divisors on X is defined to be the injective
limit
Ca-b-Div(XU)R := lim−→
Π′∈Rsm(Π)
Div (XΠ′ ,U)R ,
with maps given by the pull-back map of R-toroidal divisors. It is endowed with its induc-
tive limit topology, called the strong topology.
The group of R-Weil toroidal b-divisors on X is defined to be the projective limit
W-b-Div(XU)R := lim←−
Π′∈Rsm(Π)
Div (XΠ′ ,U)R ,
with maps given by the push-forward map of R-toroidal divisors (note that the XΠ′ ’s are
smooth, hence we can identify Cartier and Weil divisors). It is endowed with its projective
limit topology, called the weak topology.
We will write R-Cartier and R-Weil toroidal b-divisors in bold notationD to distinguish
them from classical R-toroidal divisors D.
We make the following remarks.
Remark 4.15. (1) As before, to simplify notation, we will usually omit the coefficient
ring R from the notation (real coefficients being always implicit) and refer to R-
toroidal b-divisors simply as toroidal b-divisors.
(2) Since the set of smooth subdivisions is directed, a toroidal Cartier b-divisor can be
represented by a pair (XΠ′ ,D), where XΠ′ is the allowable modification of X given
by the refinement Π ′. Two pairs represent the same Cartier b-divisor if there is a
common refinement and the pull back of both divisors to the corresponding modi-
fication agree.
(3) We can view a Weil toroidal b-divisor as a family
D = (DΠ′)Π′∈Rsm(Π) ,
where for each Π ′ ∈ Rsm(Π), we have that DΠ′ ∈ Div(XΠ′ ,U), and these elements
are compatible under push-forward.
(4) We can view a Cartier toroidal b-divisor as a Weil toroidal b-divisor
E = (EΠ′)Π′∈Rsm(Π) ,
for which there is a model X
Π˜
for some Π˜ ∈ Rsm(Π) such that for every other model
XΠ′′ with Π ′′ > Π˜ in Rsm(Π), the incarnation EΠ′′ is the pull-back of EΠ˜ on XΠ˜.
Hence, we have the inclusion
Ca-b-Div(XU) ⊆W-b-Div(XU),
and we may refer to a Weil toroidal b-divisor just as a toroidal b-divisor.
(5) A net (Zi)i∈I converges to a b-divisorZ in W-b-Div(XU) if and only if for each Π
′ ∈
Rsm(Π)we have that (Zi,Π′)i∈I converges to ZΠ′ coefficient-wise.
(6) By the following Proposition 4.16wehave that the spaces ofWeil or Cartier b-divisors
on X agree with the ones on Π. However, they are different from the ones on Π̂, be-
cause the allowed subdivisions are different. See Remark 3.4 for more details.
Indeed, we have the following combinatorial characterization of toroidal b-divisors. De-
note by Π(Q) the set of points of |Π|with rational coordinates in any cone of Π.
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Proposition 4.16. The mapD 7→ φD from Proposition 4.3 induces homeomorphisms
Ca-b-Div(XU) ≃ Ca-b-Div (Π)
and
W-b-Div(XU) ≃W-b-Div (Π)
between toroidal b-divisors on X and b-divisors on Π. Thus, the space W-b-Div(XU) is homeomor-
phic to the space of conical functions Π(Q)→ R with the topology of pointwise convergence.
Proof. This follows from the definition of Weil b-divisors on a rational conical complex and
Proposition 4.3. 
As in the case of functions, one can define the top intersection product of a collection of
toroidal b-divisors when there is at most one Weil b-divisor involved (all the other must be
Cartier).
Definition 4.17. Let D1, . . . ,Dn be toroidal b-divisors on X and assume that at most one
of the Di’s is not Cartier. Without lost of generality, assume that D1 is not Cartier. Let
Π ′ ∈ Rsm(ΠX) be a subdivision such that all of the Di’s for i = 2, . . . ,n are determined on
XΠ′ . The top intersection product 〈D1 · · ·Dn〉 is defined by
〈D1 · · ·Dn〉 := deg(D1,Π′ ·D2,Π′ · · ·Dn,Π′).
By the projection formula in algebraic geometry, this is independent of the choice of the
common refinement Π ′.
Remark 4.18. It follows from Corollary 4.7 that the top intersection product of a collection
of toroidal b-divisors where at most one of them is Weil can be computed tropically.
4.4. Top intersection product of nef toroidal Weil b-divisors. Let X, U, B and Π be as at
the beginning of section 4. Chose a Euclidean metric on NΠR and denote Π̂ the induced
Euclidean conical complex.
We start by defining nef Cartier and nef Weil toroidal b-divisors. Using Lemma 4.13 we
deduce that the set of Cartier b-divisors on Π̂ which are induced from nef Cartier toroidal
b-divisors forms an admissible family C of nef Cartier b-divisors in the sense of Definition
2.3. Using the results of Section 2, we deduce that the top intersection product of Cartier
b-divisors can be extended continuously to nef Weil toroidal b-divisors and, by linearity, to
differences of nef Weil toroidal b-divisors.
Definition 4.19. A Cartier toroidal b-divisor E = (EΠ′)Π′∈Rsm(Π) ∈ Ca-b-Div(XU) is said to
be nef if EΠ′ ∈ Div(XΠ′ ,U) is nef for some (hence any) determination EΠ′ of E. The set of
nef toroidal Cartier b-divisors forms a cone in Ca-b-Div(XU), denoted by Ca-b-Div
+(XU).
The cone of nef toroidal Weil b-divisors is the closure in W-b-Div(XU) of Ca-b-Div
+(XU).
It is denoted by W-b-Div+(XU).
Remark 4.20. By Proposition 4.3 and Remark 3.4 the inclusion between Cartier and Weil
b-divisors Ca-b-Div(X) →W-b-Div(X) can be factored as
Ca-b-Div (XU) = Ca-b-Div(Π)→ Ca-b-Div
(
Π̂
)
→W-b-Div
(
Π̂
)
→W-b-Div(Π) = W-b-Div (XU) .
By Lemma 4.13 the image of Ca-b-Div+ (XU) in Ca-b-Div
(
Π̂
)
forms an admissible fam-
ily of nef b-divisors. By Theorem 2.9 the elements in the closure of Ca-b-Div+ (XU) in
W-b-Div
(
Π̂
)
are continuous functions. Since a continuous function is determined by its
values on a dense subset and the topologies on W-b-Div
(
Π̂
)
andW-b-Div(Π) are both that
of pointwise convergence, we deduce that the closure of Ca-b-Div+ (XU) in W-b-Div
(
Π̂
)
is
naturally homeomorphic to its closure in W-b-Div(Π). The last one can be identified with
the coneW-b-Div+(X). As a consequence, in order toworkwith nef toroidalWeil b-divisors,
there is no difference between working on Π or in Π̂.
TOROIDAL B-DIVISORS AND MONGE-AMPÈRE MEASURES 37
Remark 4.21. A consequence of the preceding Remark and Theorem 2.9 is that the clo-
sure of Ca-b-Div+(XU) in W-b-Div(XU) agrees with its sequential closure. It follows that
if E ∈ W-b-Div+(XU), then there is a sequence (Dk)k∈N of nef toroidal Cartier b-divisors
converging toE. Moreover, whenwe viewE and theDk as functions on |Π|, the convergence
is uniform on compacts.
From now on we fix C = image of Ca-b-Div+(XU) in Ca-b-Div
(
Π̂
)
as the admissible
family of nef Cartier b-divisors.
The following theorem describes nef toroidal b-divisors combinatorially. In view of Re-
mark 4.20, it is a direct consequence of Theorem 2.9.
Theorem 4.22. Let D be a nef toroidal b-divisor on X. Then the corresponding function φD on
Π(Q) of Proposition 4.16 extends to a continuous function on |Π|, which we denote also by φD . The
function φD defines a C-nef b-divisor on S
Π̂ in the sense of Definition 2.7..
Since we can view Cartier b-divisors as Weil b-divisor, there is a potential ambiguity
when we say that a Cartier b-divisor is nef. Lemma 4.24 below shows that this potential
ambiguity is not a real ambiguity. Before stating it we make the following remark.
Remark 4.23. Let Π ′′ ∈ Rsm (Π) and let D be a nef divisor on XΠ′′ . Then for any Π ′ 6 Π ′′
in Rsm (Π) we have that D 6 π∗π∗D, where π : XΠ′′ → XΠ′ denotes the corresponding
proper birational morphism. Indeed, the divisor D− π∗π∗D is π-nef (i.e. has non-negative
intersection with every curve contracted by π) and is π-exceptional. Hence, from the well-
known Negativity Lemma (see e.g. [KM08, Lemma 3.39]), we have thatD−π∗π∗D 6 0 and
thus D 6 π∗π∗D.
Lemma 4.24. LetD be a nef Weil toroidal b-divisor and assume thatD is Cartier. ThenD is a nef
toroidal Cartier b-divisor in the sense of Definition 4.19.
Proof. Let Π ′ ∈ Rsm (Π) be a determination ofD. We have to show that DΠ′ is nef on XΠ′ .
For this, letC ⊆ XΠ′ be an irreducible curve. It suffices to show that the intersection product
DΠ′ · C is non-negative.
Let
{
B′i
∣∣ i ∈ I ′} be the irreducible components of the boundary divisor B′ = XΠ′ \ U
and for any subset J′ ⊆ I ′, denote by BJ′ the boundary intersection
⋂
j∈J′ Bj (in particular,
B∅ = XΠ′ ). Let K ′ ⊆ I ′ such that BK′ is the minimal boundary intersection containing C.
If codim (BK′) > 2, we can find a subdivision Π ′′ > Π ′ in Rsm (Π) and a curve C˜ ⊆ XΠ′′
such that the following two conditions are satisfied:
(1) π∗C˜ = aC for some natural number a > 0.
(2) Denoting by
{
B′′i
∣∣ i ∈ I ′′} the irreducible components of the boundarydivisorB′′ =
XΠ′′ \ U, the minimal boundary intersection BK′′ containing C˜ (for some subset
K ′′ j I ′′) satisfies that codim (BK′′) = 1.
If π∗C˜DΠ′ · C˜ > 0, then, using the projection formula, we get that DΠ′ · π∗C˜ = DΠ′ · C > 0.
Hence, replacing Π ′ by Π ′′, we may assume that BK′ has codimension 6 1.
Let {Di}i∈N be a sequence of nef toroidal Cartier b-divisors converging to D. We view
them as toroidal Weil b-divisors. In particular, on XΠ′ , we have that
Di,Π′ −−→
i∈N
DΠ′
component-wise, and by continuity of the intersection product,
Di,Π′ · C −−→
i∈N
DΠ′ · C.(4.2)
Now, for each i ∈ N, letΠi ∈ Rsm (Π) be a determination ofDi. Wemay assume thatΠi > Π ′.
Also, we let πi : XΠi → XΠ′ denote the corresponding proper birational morphism. Let
Ci be the strict transform of the curve C under πi. Note that this is well defined by the
assumption that the minimal boundary intersection that contains C has codimension less
or equal than one.
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Using the projection formula, we compute
Di,Π′ · C = Di,Π′ · πi∗Ci
= π∗iDi,Π′ · Ci
= π∗iπi∗Di,Πi · Ci
= (π∗iπi∗Di,Πi −Di,Πi) · Ci +Di,Πi · Ci
> 0.
Indeed, the first summand is non-negative since it follows from Remark 4.23 that both the
terms π∗iπi∗Di,Πi −Di,Πi and Ci are effective and intersect properly. The second summand
is non-negative since Di,Πi is nef and Ci is effective.
By (4.2), DΠ′ · C is a limit of non-negative real numbers. Hence it is itself non-negative.
This concludes the proof. 
The next is the main result of this paper.
Theorem 4.25. The restriction of the top intersection product of toroidal Cartier b-divisors (Defini-
tion 4.17) to nef toroidal Cartier b-divisors
(Ca-b-Div+(XU))n −→ R
can be extended continuously to a symmetric multilinear intersection product of nef toroidal Weil
b-divisors
(W-b-Div+(XU))n −→ R.
IfD1, . . . ,Dn is a collection of nef toroidal Weil b-divisors on X, then their top intersection product
is given by
〈D1 · · ·Dn〉 =
∫
SΠ̂
φD1(u)dµD2,...,Dn ,
where µD2,...,Dn is the mixed Monge–Ampère measure induced by the collection of C-nef b-divisors
φD2 , . . . ,φDn on S
Π̂ from Definition 2.23.
Proof. The proof is just putting together everything we have done up to now. Every nef
toroidal Cartier b-divisorD on XU defines a Cartier b-divisor φD on Π̂ (Proposition 4.16).
The family of Cartier b-divisors on Π̂ obtained in this way forms an admissible family C of
nef Cartier b-divisors on Π̂ (Lemma 4.13). The space of nef toroidal Weil b-divisors on XU
is homeomorphic to the space of C-nef Weil b-divisors on Π̂ (Proposition 4.16 and Remark
4.20). Thus the result is a direct consequence of Corollary 2.24. 
Remark 4.26. Let D1, . . . ,Dn be a collection of nef toroidal Weil b-divisors on X. By Re-
mark 4.21 there are sequences (Dj,k)k∈N, j = 1, . . . ,n of nef toroidal Cartier b-divisors on
XU converging to theWeil b-divisors. Then, for each j, the sequence of functions (φDj,k)k∈N
converges uniformly on compacts to φDj . Moreover
(4.3) 〈D1 · · ·Dn〉 = lim
k→∞〈D1,k · · ·Dn,k〉.
One has to be careful that the continuity condition (4.3) is only true when the sequences
(Dj,k)k∈N consist of nef toroidal Cartier b-divisors. Namely, one can construct sequences
of toroidal Cartier b-divisors (D ′j,k)k∈N such that, for each j, the sequence of functions
(φDj,k)k∈N converges uniformly on compacts to φDj and nevertheless the continuity con-
dition (4.3) does not hold.
Remark 4.27. Since the intersectionproduct ismultilinear (for the semigroup lawofW-b-Div+(XU)),
it can be extended by multilinearity to the space
W-b-Div+(XU) −W-b-Div
+(XU)
of toroidal Weil b-divisors that are differences of nef ones.
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5. Applications
Let U →֒ X be a toroidal embedding as in the beginning of Section 4. That is, we assume
that X is smooth and projective, B = X \ U is a snc divisor, that there is an effective ample
divisor with support B and that the corresponding smooth rational conical complex Π is
quasi-embedded. We also assume that we have chosen an auxiliary Euclidean metric on
NΠ. A toroidal b-divisor on X is big if it has enough global sections (Definition 5.10). In
this section, as an application of our results, we show a Hilbert–Samuel type formula for
nef and big toroidal b-divisors on X relating the degree of a nef toroidal b-divisor both with
the volume of the b-divisor and with the volume of the associated convex Okounkov body
(Definitions 5.3 and 5.6 and Theorem 5.15). As a corollary, we obtain a Brunn–Minkowski
type inequality (Corollary 5.17).
5.1. Volumes and convex Okounkov bodies of toroidal b-divisors. We start with the def-
inition of the space of global sections of a toroidal b-divisor.
Definition 5.1. Let F = k(X) be the field of rational functions of X. Then for any toroidal
b-divisorD = (DΠ′)Π′∈Rsm(Π) on X one defines the space of global sections ofD by
H0(XU,D) = {f ∈ F× |b-div(f) + ⌊D⌋ > 0} ∪ {0} ⊆ F,
where b-div(f) is the b-divisor induced by a rational function by setting
b-div(f) =
(
divXΠ′ (f)
)
Π′∈Rsm(Π)
,
and where ⌊D⌋ denotes the integral divisor whose coefficients are given by the biggest inte-
ger numbers which are less than or equal to the corresponding coefficients ofD.
Remark 5.2.
(1) By definition, we have thatH0 (XU,D) is an intersection of finite-dimensional vector
spaces
H0(XU,D) =
⋂
Π′∈Rsm(Π)
H0 (XΠ′ ,DΠ′) .
(2) We have a well defined map
H0 (XU,D)×H0 (XU,E) −→ H0 (XU,D + E)
for any toroidal b-divisorsD and E.
Definition 5.3. LetD be a toroidal b-divisor. The volume ofD is defined by
vol(D) := lim sup
ℓ→∞
h0 (XU, ℓD)
ℓn/n!
,
where h0 (XU, ℓD) denotes the dimension of the space H0 (XU, ℓD).
We associate a convex Okounkov body to a toroidal b-divisor.
Definition5.4. LetD be a toroidalb-divisor onX. Wedefine the b-divisorial algebraRXU(D)
associated toD by
RXU(D) :=
⊕
k>0
H0 (XU, kD) tk.
This is a graded sub-k-algebra of F[t].
One of the fundamental problems of algebraic geometry is the question about finite gen-
eration of divisorial algebras. It is clear that, in general, the b-divisorial algebra associated
to a toroidal b-divisor is not finitely generated. However, the next proposition shows that it
satisfies the weaker condition of being of almost integral type, which nevertheless, follow-
ing [KK12], allows us to associate a convex Okounkov body to it.
Recall that a graded subalgebra R ⊆ F[t] is of integral type if it is a finitely generated k-
algebra and is a finite module over the algebra generated by R1, while it is of almost integral
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type if it is contained in a graded subalgebra of integral type R ⊆ A ⊆ F[t] (see [KK12,
Section 2.3]).
Proposition 5.5. LetD be a toroidal b-divisor. Then the b-divisorial algebra RXU(D) ⊆ F[t] is of
almost integral type.
Proof. We clearly have
RXU(D) ⊆ RXΠ′ (DΠ′),
for anyΠ ′ ∈ R(Π), and the latter is an algebra of almost integral type by [KK12, Theorem 3.7].

Definition 5.6. LetD be a toroidal b-divisor. Then ∆D is defined to be the Okounkov body
associated to the graded algebra of almost integral type RXU(D) in the sense of [KK12, The-
orem 2.30]. It is a convex body.
Okounkov bodies have been useful to study geometric properties of divisors in terms of
convex geometry. In particular, in the study of volumes of divisors. We will see that this
extends to the b-divisorial case. The following is a classical result.
Lemma 5.7. LetD be a nef toroidal Cartier b-divisor. Then we have that
vol(D) = n!vol(∆D) =D
n.(5.1)
Proof. Let Π ′ ∈ Rsm be a determination ofD. Then the result follows from the well known
case of classical nef divisors
vol(D) = vol(DΠ′) = DnΠ′ =D
n
combined with
vol(DΠ′) = n!vol(∆D).

In the next section we extend Equation 5.1 to nef Weil toroidal b-divisors.
5.2. A Hilbert–Samuel formula. We start with two monotonicity lemmas for nef toroidal
b-divisors. These play a key role.
Lemma 5.8. LetD = (DΠ′)Π′∈Rsm(Π) be a nef toroidal b-divisor. Let Π
′′ > Π ′ be subdivisions in
Rsm(Π). Then
DΠ′′ 6 π
∗DΠ′ ,
where π : XΠ′′ → XΠ′ is the corresponding proper birational map. In particular, we get the following
inclusion of spaces
H0 (XΠ′′ ,DΠ′′) ⊆ H0 (XΠ′ ,DΠ′) .
Proof. Note that this is not a direct consequence of Remark 4.23 because the fact that D is
nef does not imply that Dπ′′ is nef so a small argument is needed. Suppose first that D is
a Cartier b-divisor and let Π˜ ∈ Rsm(Π) be a determination ofD. In particular, we have that
D
Π˜
is nef. Let Π ′′ > Π ′ be subdivisions in Rsm(Π). Let Π ′′′ be a common refinement of Π ′′
and Π˜ and consider the following commutative diagram.
XΠ′′′
X
Π˜
XΠ′′
XΠ′
γ α
β
π
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Since the pullback of a nef divisor is again nef,DΠ′′′ = γ∗DΠ˜ is nef.
By Remark 4.23,DΠ′′′ 6 β∗β∗DΠ′′′ and we conclude that
DΠ′′ = α∗DΠ′′′ 6 α∗β
∗β∗DΠ′′′ = α∗β
∗DΠ′ = π
∗DΠ′
In the general case, choose a sequence {Di}i∈N of nef Cartier b-divisors converging toD.
Then, by what was shown above, for each i ∈ N we have that
Di,Π′′ 6 π
∗Di,Π′ .
Hence, taking limits at both sides we deduce
DΠ′′ = lim
i∈N
(Di,Π′′) 6 lim
i∈N
π∗(Di,Π′) = π
∗DΠ′
as we wanted to show. 
The following is a monotone approximation lemma for nef toroidal b-divisors. Recall
that we are assuming that there is an effective ample divisor A whose support is B. The
conditions on A imply that the function φA|SΠ̂ is strictly negative.
Lemma 5.9. Let D be a nef toroidal b-divisor. Then there is a sequence of nef Cartier b-divisors
(Di)i∈N such that the following two properties are satisfied.
(1) The sequence (Di)i∈N converges toD.
(2) if i > j, thenDj >Di.
Proof. Let
{
D ′j
}
j∈J
be a sequence of nef Cartier toroidal b-divisors converging to D. By
Theorem 2.9, we have that the convergence
φD ′i |SΠ̂ −−−→i→∞ φD |SΠ̂
is uniform. Let
α := inf
x∈SΠ̂
−φA(x) > 0 , β := sup
x∈SΠ̂
−φA(x) > α > 0,
and for each i ∈ N, let
δi := sup
x∈SΠ̂
∣∣∣φD ′i(x) − φD(x)∣∣∣ .
We know that
δi −−−→
i→∞ 0.
Now, choose a subsequence {ik}k∈N such that
δik 6
1
2k(k + 1)
and let
Dk :=D
′
ik
+
1
αk
A
for k ∈ N, whereA denotes the Cartier b-divisor induced by A. Then, we get that(
φDk − φDk+1
) ∣∣∣
SΠ̂
=
(
φD ′ik
− φD ′ik+1
+
(
1
αk
−
1
α(k + 1)
)
φA
) ∣∣∣
SΠ̂
6
1
k(k + 1)
−
(
1
αk(k + 1)
)
α
= 0.
Hence,Dk −Dk+1 > 0 and thusDk >Dk+1.
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Moreover, we have
|φDk − φD | =
∣∣∣∣φD ′ik + 1αkφA − φD
∣∣∣∣
6
∣∣∣φD ′ik − φD∣∣∣ + 1αk |φA |
6
1
2k(k + 1)
+
1
αk
β −−−→
k→∞ 0.
Hence, we get that
Dk −−−→
k→∞ D.
This concludes the proof. 
Now, recall that a divisor on an algebraic variety is said to be big if it has strictly positive
volume. We define big toroidal b-divisors analogously.
Definition 5.10. A toroidal b-divisor D is said to be big if it has positive volume, i.e. if
vol(D) > 0.
Remark 5.11. If a toroidal b-divisorD = (DΠ′)Π′∈Rsm(ΠX) is big and nef, then by the mono-
tonicity property of Lemma 5.8, it follows that DΠ′ is big for all Π ′ ∈ Rsm(Π).
For any algebraic variety Y we denote byN1(Y)R = N1(Y) the real vector space of numer-
ical equivalence classes of real divisors on Y.
Definition 5.12. We define the space of numerical equivalence classes of toroidal b-divisors on X
as the inverse limit
b-N1(XU) := lim←−
Π′∈Rsm(Π)
N1(XΠ′),
with maps given by the proper push-forward map f∗ : XΠ′′ → XΠ′ of numerical classes of
divisors whenever Π ′′ > Π ′ in Rsm(ΠX).
Let b-Big(XU) and b-Nef(XU) be the cones of big, respectively nef toroidal b-divisors in
b-N1(XU).
Remark 5.13. SinceN1(X) is finite dimensional, after enlarging B if needed, we can assume
that the map Div(X,U)→ N1(X) is surjective. If this is the case, then the map
(5.2) W-b-Div(XU) −→ b-N1(XU)
is surjective.
From now on we assume that B has been enlarged in such a way that the map (5.2) is
surjective. We have the following lemma.
Lemma 5.14. LetD be a nef and big b-divisor and let {Di}i∈N be a non-increasing sequence of big
and nef Cartier b-divisors converging toD (which exists by Lemma 5.9). Then
vol(D) = lim
i→∞vol(Di).
Proof. Since for each Π ′ ∈ Rsm(Π), the volume function vol is continuous on the big cone
Big(XΠ′) ⊆ N1(XΠ′) (see e.g. [BFJ09]), we get
vol(DΠ′) = lim
i→∞vol(Di,Π′),
for all Π ′ ∈ R(ΠX). Also, by the monotonicity property stated in Lemma 5.8, we have that
vol(D) = lim
Π′∈R(ΠX)
vol(DΠ′),
and similarly, for all i ∈ N,
vol(Di) = lim
Π′∈R(ΠX)
vol(Di,Π′).
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Hence, we obtain
vol(D) = lim
Π′∈R(ΠX)
vol(DΠ′)
= lim
Π′∈R(ΠX)
lim
i→∞ vol(Di,Π′)
= lim
i→∞ limΠ′∈R(ΠX) vol(Di,Π′)
= lim
i→∞vol(Di),
where the third equality follows since both the sequence indexed by Π ′ ∈ R(ΠX) and the
one indexed by i ∈ N are decreasing, hence taking limits is the same as taking the infimum.
This concludes the proof. 
As a consequence, we get the following Hilbert–Samuel type formula.
Theorem 5.15. LetD be a big and nef toroidal b-divisor. Then we have that
vol(D) = n!vol(∆D) =D
n.
Proof. Write D = limi→∞Di as a non-increasing limit of Cartier big and nef toroidal b-
divisors. Then, by Lemma 5.14, it follows that
vol(D) = lim
i→∞ vol (Di) = limi→∞Dni =Dn.(5.3)
On the other hand, the monotonicity of the sequence {Di}i∈N implies that the associated
b-divisorial algebras satisfy also the monotonicity property RX(Di) ⊆ RX(Dj) for i > j.
Combining this with the fact that the sequence (Di)i∈N converges toD implies that
int
(⋂
i∈N
∆Di
)
⊆ ∆D ⊆
⋂
i∈N
∆Di .
Hence,
lim
i→∞ vol (∆Di) = vol (∆D) .
Thus, we get that
n!vol (∆D) = n! lim
i→∞vol (∆Di) = limi→∞Dni =Dn.(5.4)
Equations 5.3 and 5.4 imply the result. 
Corollary 5.16. The function vol is continuous on b-Big(X) ∩ b-Nef(X).
Proof. Recall that we are assuming that the conditions at the beginning of Section 4 are
satisfied and that the map (5.2) is surjective. By Theorem 5.15 the volume function agrees
with the degree function on big and nef divisors. This last function descends to numerical
equivalence classes and, by Theorem 4.25, it is continuous. 
As a corollary we obtain the following Brunn–Minkowski type inequality.
Corollary 5.17. Let D and F be two nef and big toroidal b-divisors. Then the following Brunn–
Minkowski type inequality holds true.
(Dn)1/n + (Fn)1/n > ((D + F)n)1/n.
Proof. Consider the associated Okounkov bodies ∆D and ∆F , respectively. Then, using The-
orem 5.15, the inequality follows from a standard result in convex geometry about volumes
of convex sets (see e.g. [Sch93]). 
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